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a b s t r a c t
Reciprocal monophyly, a feature of a genealogy in which multiple groups of descendant lineages each
consist of all of the descendants of their respective most recent common ancestors, has been an important
concept in studies of species delimitation, phylogeography, population history reconstruction, systematics, and conservation. Computations involving the probability that reciprocal monophyly is observed in
a genealogy have played a key role in criteria for defining taxonomic groups and inferring divergence
times. The probability of reciprocal monophyly under a coalescent model of population divergence has
been studied in detail for groups of gene lineages for pairs of species. Here, we extend this computation to
generate corresponding probabilities for sets of gene lineages from three and four species. We study the
effects of model parameters on the probability of reciprocal monophyly, finding that it is driven primarily
by species tree height, with lesser but still substantial influences of internal branch lengths and sample
sizes. We also provide an example application of our results to data from maize and teosinte.
© 2018 Elsevier Inc. All rights reserved.

1. Introduction
A set of gene lineages is monophyletic if all of the lineages are
more closely related to each other genealogically than any of them
is to any other sampled lineage. Multiple sets of gene lineages in a
genealogy are reciprocally monophyletic if each set of lineages is
separately monophyletic.
Reciprocal monophyly is likely to occur for the lineages of a pair
of populations at some point after they diverge from an ancestral
population (Neigel and Avise, 1986; Avise and Ball Jr., 1990). As a
result, reciprocal monophyly is often used as a criterion for evaluating the consequences of divergence processes. Criteria for conservation units and species delimitation have frequently been based
on levels of reciprocal monophyly (Moritz, 1994; De Queiroz,
2007). Reciprocal monophyly is fundamental to a genealogical
concept for describing species (Hudson and Coyne, 2002). It is
also useful in understanding the evolutionary processes underlying
group divergence, both for groups within species and for groups
that represent separate species (e.g. Carstens and Richards 2007;
Tavares and Baker 2008; Kubatko et al. 2011; Lohse et al. 2011;
Birky 2013; Rabeling et al. 2014; Dearborn et al. 2015).
Under the multispecies coalescent model, in which gene lineages diverge along the branches of a species tree, Rosenberg
(2003) computed the probability of reciprocal monophyly for sets
of lineages drawn from two species. Rosenberg (2002) provided
author.
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a recursive formula for the probability of reciprocal monophyly
for three species in a model in which the three species descend
from a common ancestor via two sequential divergence events.
More recently, Zhu et al. (2011) calculated the probability of
reciprocal monophyly for an arbitrary partition of sampled lineages for a single species. Eldon and Degnan (2012) obtained
the probability of reciprocal monophyly for two species under the
Λ-coalescent, which allows asynchronous events in which more
than two lineages coalesce. In a generalization of the computation
of Rosenberg (2003), Mehta et al. (2016) derived the probability
of reciprocal monophyly of a bipartition of sampled lineages for an
arbitrary species tree.
Previous work on reciprocal monophyly probabilities has generally been limited to two taxa or two genealogical lineage classes.
Although Zhu et al. (2011) permitted arbitrary partitions of a
set of lineages into many reciprocally monophyletic groups, their
calculation considered lineages in a single population and did not
account for species divergence. The three-species computation
from Rosenberg (2002) was recursive; although it can be made
non-recursive by use of a result in the appendix of Rosenberg
(2003), as we will see, the computation has a case that it does not
take into account. Because computations for more than two lineage
classes have not been available, empirical studies interested in reciprocal monophyly for more than two groups in a genealogy that
contains more than two species have often considered reciprocal
monophyly of species pairs rather than simultaneous reciprocal
monophyly of all groups of interest. Reciprocal monophyly is examined for many pairs of species, or species are combined together
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Table 1
Coalescent-based monophyly probability computations. The current study extends beyond Mehta et al. (2016) in the case of three- and four-taxon species trees by permitting three and four lineage classes rather than two (although unlike in Mehta et al. (2016), we require each lineage class to be identified with a single taxon). It extends
beyond Zhu et al. (2011) by considering gene lineages in a species tree model rather than gene lineages within a single population (although unlike in Zhu et al. (2011),
we consider only three and four lineage classes). It extends beyond Rosenberg (2002) by correcting an error in the earlier three-lineage-class, three-species computation
and by considering four taxa and four lineage classes. Note that Eldon and Degnan (2012) permit asynchronous multiple mergers of gene lineages in their population split
model. Jakobsson and Rosenberg (2007) are concerned with counting the number of inter-population coalescences in which one of the coalescing lineages has descendants
exclusively in a specific one of the two populations; the monophyly probability is a special case of this computation. Abbreviations: A, analytical; R, recursion; S, simulation;
M, monophyly; RM, reciprocal monophyly.
Study

Number of
populations

Number of
lineage classes

Sample size
per population

Approach

Type of
computation

Population model

Tajima (1983)
Takahata and Nei (1985)
Neigel and Avise (1986)
Takahata and Slatkin (1990)
Wakeley (2000)

2
2
2
2
2

2
2
2
2
2

2
2
Arbitrary
2
2

A
A
S
A
A

M, RM
M, RM
M, RM
M, RM
RM

Rosenberg (2002)
Rosenberg (2002)
Hudson and Coyne (2002)
Rosenberg (2003)
Jakobsson and Rosenberg (2007)
Zhu et al. (2011)
Eldon and Degnan (2012)
Mehta et al. (2016)
This study
This study

2
3
2
2
2
1
2
Arbitrary
3
4

2
3
2
2
2
Arbitrary
2
2
3
4

Arbitrary
Arbitrary
Arbitrary
Arbitrary
Arbitrary
Arbitrary
Arbitrary
Arbitrary
Arbitrary
Arbitrary

R
R
R
A
A, R
A
R
R
A
A

RM
RM
M, RM
M, RM
M
M, RM
M, RM
M, RM
RM
RM

Population split
Population split
Population split
Island migration
Population split,
island migration
Population split
Species tree
Population split
Population split
Population split
Single population
Population split
Species tree
Species tree
Species tree

so that only a pair of groups remains (e.g. Carstens and Richards
2007, Baker et al. 2009, Neilson and Stepien 2009, Kubatko et al.
2011, Bergsten et al. 2012).
Here, we derive the probability of reciprocal monophyly for
gene lineages from sets of three or four species under the multispecies coalescent, producing separate results for the unique
three-species bifurcating species tree topology and the two distinct
four-species topologies. Among monophyly probability computations considering gene lineages evolving on a species tree, the
derivation is novel in extending beyond two gene lineage classes
to examine three and four classes (Table 1), providing a correction
to the one previous three-lineage-class, three-species monophyly
probability computation for gene lineages on a species tree. Our
approach combines elements of the generalized monophyly computation for pairs of classes of lineages (Mehta et al., 2016) and
the earlier efforts to obtain three-species monophyly probabilities (Rosenberg, 2002, 2003). We study the effects of model parameters, such as species tree height, internal branch lengths, and
sample sizes, on the probability of reciprocal monophyly. We also
examine the distribution of reciprocal monophyly probabilities
over grids of choices for the branch lengths. Finally, we provide an
example application of our results to data from maize and teosinte.

2.3. Species tree branches
In our coalescent framework, time starts at 0 in the present,
at the bottom of the species tree, and increases when moving up
the species tree and further into the past. From this perspective, an
internal node of the species tree is a species-merging event. As time
progresses, gene lineages enter species tree nodes from the bottom
and exit them from the top. A particular node x has lineages enter
from both branches directly below the node. Because each node is
associated only with the branch that corresponds to its immediate
ancestral species, we refer to branches by the labels of their associated nodes. The length of branch x is Tx , the time associated
with node x. Tx is measured in units of N generations, where N
is the haploid population size on branch x and is assumed to be
constant over all species tree branches. Population size changes
can be accommodated by increasing or decreasing the length of a
branch, as a constant size change that lasts the duration of a branch
amounts to a rescaling of time along the branch. Larger population
sizes correspond to smaller values of Tx in coalescent units. The root
branch of T has infinite length.
2.4. Input and output states

2. Preliminaries
2.1. Model and notation
We consider a bifurcating species tree T that consists of a
topology and a set of branch lengths. A sample size greater than or
equal to 1 is specified for each leaf of T . We use the multispecies
coalescent to track the sampled lineages as they travel backward in
time up the species tree. In this section, we discuss the terminology
and construction of our coalescent model, closely following Mehta
et al. (2016).
2.2. Lineage labels
Lineages are labeled according to the species from which they
are sampled. All lineages for a particular species have the same
label, and each species has a unique label. Lineages that result
from coalescences between lineages with differing labels are called
‘‘mixed’’ lineages and have label M. There are ℓ + 1 labels for a
species tree with ℓ species.

An output state of a branch x is a set of integers that represents
the numbers of lineages exiting the branch from the top. The
random variable for this output state is the vector Zx of length
ℓ + 1 whose ith element is the number of output lineages with the
ith label. A particular instance of this random variable is denoted
nOx . An input state for a branch is a set of integers that represents
the numbers of lineages of each label entering the node from the
two branches immediately below it. The input state for a branch
x is simply the sum of the two output states for its immediate
descendant branches xL and xR , which are independent random
variables. We therefore do not need to define a separate random
variable for the input state of a branch. A particular instance of an
input state is nIx = nOxL + nOxR .
2.5. Coalescence sequences
A coalescence sequence is a sequence of coalescent events. For
example, consider three lineages, A, B, and C, coalescing to a single
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lineage. One possible coalescence sequence has A and B coalesce,
resulting in the lineage AB, then has that lineage coalesce with lineage C, resulting in the lineage ABC. This sequence can be described
as (A, B), ((AB), C). Another possible sequence has B coalesce with
C first. This sequence can be described by (B, C), (A, (BC)). For our
calculations, we must count the number of coalescence sequences
that start at a particular input state and end at a particular output
state while preserving reciprocal monophyly.
2.6. Reciprocal monophyly events
The reciprocal monophyly event Ex is the event that in Tx – the
subtree of T that is defined by taking all parts of the species tree
descended from the top of branch x – no coalescences between
non-M lineages whose labels are different occur until the number
of ancestral lineages of each species involved in the coalescence is
1. We aim to compute the probability of this reciprocal monophyly
event when x is the root of the species tree T . The probability of
reciprocal monophyly for the whole gene genealogy is the probability P[Eroot ]. We can decompose P[Ex ] recursively, as P[Ex ] =
P[Ex |ExL , ExR ]P[ExL ]P[ExR ].
2.7. Combinatorial functions

1

k

extends a trinomial expression from Rosenberg (2006), is the
number of ways that k separate coalescence sequences that do
not share any lineages and that consist of r1 , . . . , rk coalescences
can be ordered in a larger sequence containing all of them as
subsequences. Wk (r1 , . . . , rk ) is defined when ri ≥ 0 for each
i = 1, . . . , k. This function is used in counting the number of
coalescence sequences that produce the same output state from
a specific input state.
2.8. The general calculation
Consider a branch x. Using the law of total probability, the joint
probability of a particular output state of branch x that satisfies the
reciprocal monophyly event Ex given the parameters of the species
tree T can be written schematically as

P[outputs of x, Ex |Tx ]

∑

P[outputs of xL , ExL |TxL ] P[outputs of xR , ExR |TxR ]

= g|nIx |,|nOx | (Tx ) Kx (nIx , nOx ).

(3)

This quantity corresponds to Eq. (3) from Mehta et al. (2016). Kx
is in general a function of input lineage counts and output lineage
counts.
The probability of reciprocal monophyly of all ℓ unmixed lineage classes can be obtained by

P[Eroot ] = P[Zroot = (0, . . . , 0, 1), Eroot |T ],

(4)

as the only possible output of the root is a single M lineage.
The base case of the recursion (Eq. (2)) occurs at the leaves:
reciprocal monophyly holds trivially at leaves because no coalescence has occurred. Without loss of generality, we adopt the
convention that all leaf inputs come from the left, so that if x is a
leaf, then P[ZxL = nIx , ExL |TxL ] = 1 and P[ZxR = 0, ExR |TxR ] = 1.
Also, every possible coalescence sequence within a leaf branch
preserves reciprocal monophyly, as no interspecies coalescence
can occur. Consequently, if x is a leaf, then Kx = 1. Applying Eq. (2)
to a leaf yields P[Zx = nOx , Ex |Tx ] = g|nI |,|nO | (Tx ).
x

x

3. Probability of reciprocal monophyly for lineages in a threespecies tree
In this section we derive the formula for the probability of
reciprocal monophyly for gene lineages in a three-species tree.
Fig. 1A presents a three-species tree with internal nodes labeled
and sample sizes, branch lengths, and branch outputs specified. We
label the three extant species and their corresponding leaves and
lineages A, B, and C (in red, green, and blue, respectively, in Fig. 1A).
We indicate the single internal branch by I.
The branch outputs for the three-species model in Fig. 1A are
ZA = (s, 0, 0, 0)

possible
inputs of x

× P[outputs of x, Ex |inputs of x, ExL , ExR , Tx ],

(1)

P[Zx = nOx , Ex |Tx ] =

∑

P[ZxL = nOxL , ExL |TxL ]P[ZxR = nOxR , ExR |TxR ]

nIx

nOx

, Ex |ZxL =

nOxL

, Z xR =

nOxR

, ExL , ExR , Tx ].

ZB = (0, t , 0, 0)
ZC = (0, 0, y, 0)

and mathematically as

× P[Zx =

Eq. (2) is Eq. (2) of Mehta et al. (2016) with a few notational
differences.
The joint probability of the output state nOx and the preservation
of reciprocal monophyly Ex given the input state nIx , or P[Zx =
nOx , Ex |ZxL = nOxL , ZxR = nOxR , ExL , ExR , Tx ], can be considered with
two events, one conditional on the other. First, the correct number
of coalescences, equal to the total number of inputs |nIx | minus
the total number of outputs |nOx |, must occur. The probability that
|nOx | lineages remain from among |nIx | initial lineages is g|nIx |,|nOx | (Tx ).
Second, given that the correct number of coalescences occurs,
the coalescences must yield the correct outputs nOx while also
preserving reciprocal monophyly Ex . We represent the probability
of this second event by Kx , which is a combinatorial function of
the numbers of input and output lineages of the various types.
Kx takes the form of a fraction, with denominator I|nI |,|nO | – the
x
x
total number of coalescence sequences – and numerator equal to
the total number of possible coalescence sequences that preserve
reciprocal monophyly and yield the desired output state. The form
of the numerator depends on the specific computation of interest.
We derive the forms of Kx in later sections.
Formally, the third multiplicative term in Eq. (2) becomes

P[Zx = nOx , Ex |ZxL = nOxL , ZxR = nOxR , ExL , ExR , Tx ]

The probability gn,j (T ) that n lineages coalesce to j lineages in
time T is given by Eq. (6.1) of Tavaré (1984). This quantity is
nonzero only when n ≥ j ≥ 1 and T ≥ 0, except that we use
the convention g0,0 (T ) = 1. We use this function to compute the
probability that a coalescence sequence occurs that contains the
correct number of coalescences to reduce a particular input state
to a particular output state.
Following Eq. (4) of Rosenberg (2003), In,k = [n!(n −
1)!]/[2n−k k!(k − 1)!] is the number of coalescence sequences that
reduce n distinct lineages to k lineages. This function is only
nonzero when n ≥ k ≥ 1, with I0,0 = 1 by convention. It is used to
count the number of coalescence sequences that lead to particular
outcomes.
(
)
r +···+r
The multinomial coefficient Wk (r1 , . . . , rk ) = 1r ,...,r k , which

=

135

(2)

ZI = (w, x, 0, m).
Initially, we have p lineages from species A, which coalesce to s
lineages during time T3 . Similarly, q initial lineages from species
B coalesce to t lineages during time T3 , and r initial lineages from
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Fig. 1. Schematic diagrams of three- and four-species models. Species A, B, C, and D appear in red, green, blue, and cyan, respectively. (A) Three-species tree. We start with
p, q, and r lineages from species A, B, and C, respectively. The m mixed lineages are the result of interspecies coalescences in the internal branch I. (B) Balanced four-species
tree. We start with p, q, r, and s lineages from species A, B, C, and D, respectively. The mL and mR mixed lineages are the result of interspecies coalescences in the L and R
branches, respectively. (C) Caterpillar four-species tree. We start with p, q, r, and s lineages from species A, B, C, and D, respectively. The m1 and m2 mixed lineages are the
result of interspecies coalescences in the L1 and L2 branches, respectively.

species C coalesce to y lineages during time T3 + T2 . Within internal
branch I, s lineages from species A and t lineages from species B
coalesce to w lineages from species A, x lineages from species B,
and m mixed lineages during time T2 , with m possibly equal to
0. Finally, in the root branch of the species tree, w lineages from
species A, x lineages from species B, y lineages from species C, and
m mixed lineages coalesce to a single mixed lineage.
3.1. Application of the recursion
Applying Eq. (2) to the root of the species tree in Fig. 1A yields

s
t
r
1
∑
∑
∑
∑

P[ZI = (w, x, 0, m), EI |TI ]

w=0 x=0 y=1 m=0

× P[ZC = (0, 0, y, 0), EC |TC ]gw+x+y+m,1 (Troot )
× Kroot ((w, x, y, m), (0, 0, 0, 1)).
Applying Eq. (2) to the internal node I, we have

P[ZI =(w, x, 0, m), EI |TI ] =

p
q
∑
∑

P[ZA = (s, 0, 0, 0), EA |TA ]

s=1 t =1

× P[ZB = (0, t , 0, 0), EB |TB ]gs+t ,w+x+m (T2 )
× KI ((s, t , 0, 0), (w, x, 0, m)).
Finally, applying the recursion to the three leaf nodes yields

P[ZA = (s, 0, 0, 0), EA |TA ] = gp,s (T3 )
P[ZB = (0, t , 0, 0), EB |TB ] = gq,t (T3 )
P[ZC = (0, 0, y, 0), EC |TC ] = gr ,y (T3 + T2 ).
Combining all these results and noting that Troot is infinite and
limT →∞ gw+x+y+m,1 (T ) = 1, the full result for the probability of
reciprocal monophyly is

P(E) =

p
q
1
s
t
r
∑
∑
∑
∑
∑
∑

KI (s, t , w, x, m)

⎧ I I W (s − w, t − x)
s,w t ,x 2
⎪
⎪
⎪
⎪
Is+t ,w+x
⎪
⎨
Is,1 It ,1 W2 (s − 1, t − 1)
=
⎪
Is+t ,1
⎪
⎪
⎪
⎪
⎩
0

Case 1: s, t , w, x ≥ 1, m = 0
Case 2: s, t ≥ 1,

w = x = 0, m = 1
otherwise.
(6)

P[Zroot = (0, 0, 0, 1), Eroot |T ]

=

3.2.1. KI
For the internal branch, the value of KI is

gp,s (T3 )gq,t (T3 )

s=1 t =1 m=0 w=0 x=0 y=1

× gr ,y (T2 + T3 )gs+t ,w+x+m (T2 )KI (s, t , w, x, m)
× Kroot (w, x, y, m),

(5)

where we have omitted the full notational form of the Kx terms
and replaced them with functions of only the possibly-nonzero
variables.
3.2. Combinatorial terms
We now obtain the forms of the Kx terms. First, we find the
denominator, the total number of possible coalescence sequences
of the correct length. Next, we find the numerator, the number
of coalescence sequences that both have the correct length and
preserve reciprocal monophyly. For computations of both KI and
Kroot , we count coalescence sequences using In,k and Wk (r1 , . . . , rk ).

KI (Eq. (6)) has two possible cases in which reciprocal monophyly
can be preserved. Case 1 applies when no interspecies coalescence
occurs in the internal branch. The total number of possible coalescence sequences in this branch is Is+t ,w+x . For a coalescence
sequence to preserve reciprocal monophyly and yield the desired
output, s lineages from species A coalesce to w lineages (counted by
Is,w ) and t lineages from species B coalesce to x lineages (counted
by It ,x ). The number of ways these two separate sequences can
be ordered is W2 (s − w, t − x). The total number of possible
coalescence sequences that preserve reciprocal monophyly and
yield the desired output is therefore Is,w It ,x W2 (s − w, t − x).
Case 2 applies when an interspecies coalescence occurs in
the internal branch. The total number of possible coalescence
sequences in this branch is Is+t ,1 . For a coalescence sequence to
preserve reciprocal monophyly and yield the desired output, all
lineages from each species must separately coalesce to a single
lineage and then the resulting two lineages must coalesce, all in the
internal branch: s lineages coalesce to 1 lineage (counted by Is,1 )
and t lineages coalesce to 1 lineage (counted by It ,1 ). The number of
ways these two separate sequences can be ordered is W2 (s − 1, t −
1). There is only one way for the interspecies coalescence to occur.
The total number of possible coalescence sequences that preserve
reciprocal monophyly and yield the desired output is therefore
Is,1 It ,1 W2 (s − 1, t − 1).
3.2.2. Kroot
The root can have lineages from all three species initially
present. In order to compute the value of Kroot , we need to compute
the probability that when lineages from all three species enter the
root and coalesce to a single mixed lineage, they do so without
violating reciprocal monophyly. We call this probability F .
To compute F , we first consider the coalescences of the single
lineages of each species ancestral to all lineages of that species, and
we then consider the coalescence of the lineages of each species to
single lineages. This line of reasoning is similar to a technique used
by Zhu et al. (2011).
Three lineages, one from each species, result from complete
within-species coalescence. These three lineages can coalesce in
I3,1 = 3 ways. Under reciprocal monophyly, these are the only
possible interspecies coalescences. We consider each of these three
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probability that w lineages from species A, x lineages from species
B, and y lineages from species C coalesce to a single lineage while
preserving reciprocal monophyly, we sum over these distinct assignments:
F (w, x, y) = f (w, x, y) + f (w, y, x) + f (x, y, w ).

Fig. 2. Example coalescence sequences counted by combinatorial functions. (A)
Lineages from three species coalesce to a single mixed lineage; F (1, 2, 2) (Eq. (8),
specifically f (1, 2, 2), Eq. (7)). (B) Lineages from three species coalesce to lineages
from one species and a mixed lineage; G(3, 2, 3, 2) (Eq. (19)). (C) Lineages from four
species coalesce to a single mixed lineage with a caterpillar topology; H(2, 2, 2, 3)
(Eq. (15), specifically h1 (2, 2, 2, 3), Eq. (13)) (D) Lineages from four species coalesce
to a single mixed lineage with a balanced topology; H(2, 1, 3, 2) (Eq. (15), specifically h2 (2, 1, 3, 2), Eq. (14)). Species A appears in red, species B in green, species C
in blue, and species D in cyan. For (A), all lineages from three species coalesce to a
single lineage while preserving reciprocal monophyly of all species, with the first
interspecies coalescence happening between species A and species B. The dashed
line indicates the time of the (A, B) coalescence, at which we count c = 2 lineages
from species C. In (B), only one interspecies coalescence occurs, between species A
and B. The dashed line indicates the time of the (A, B) coalescence, at which c = 3
lineages are present from species C. For (C), all lineages from four species coalesce
to a single lineage while preserving reciprocal monophyly of all species, with the
first interspecies coalescence happening between species A and species B, and the
second between species C and the (A, B) lineage resulting from the first interspecies
coalescence. The dashed line indicates the time of the (A, B) coalescence, at which
we count c1 = 2 lineages from species C and c2 = 3 lineages from species D. The
dotted line indicates the time of the ((AB), C) coalescence, at which we count c3 = 2
lineages from species D. For (D), all lineages from four species coalesce to a single
lineage while preserving reciprocal monophyly of all species, with the most recent
interspecies coalescence happening between species A and species B and the second
coalescence between species C and species D. The dashed line indicates the time of
the (A, B) coalescence, at which we count c1 = 1 lineage from species C and c2 = 2
lineages from species D.

ways separately. Suppose we begin with w lineages from species
A, x lineages from species B, and y lineages from species C.
First, we assume that the two interspecies coalescences follow
the sequence (A, B), ((AB), C) (Fig. 2A). There is only one way for the
(A, B) coalescence to occur. Until this coalescence happens, lineages
from species C cannot coalesce with lineages from either of the
other two species. We let c be the number of lineages from species
C present when the (A, B) coalescence occurs. The dashed line in
Fig. 2A indicates this time point. In Fig. 2A, c = 2. The number of
ways to reach the (A, B) coalescence is Iw,1 Ix,1 Iy,c W3 (w−1, x−1, y−
c). The (A, B) coalescence occurs (in only one possible way), then
the lineages from species C coalesce completely (in Ic ,1 possible
ways), and, finally, the ((AB), C) coalescence occurs (in only one
possible way). The number of coalescence sequences reducing the
lineages from three species to a single lineage while preserving
reciprocal monophyly is Iw,1 Ix,1 Iy,c W3 (w − 1, x − 1, y − c)Ic ,1 . The
total number of coalescence sequences reducing w + x + y lineages
to a single lineage is Iw+x+y,1 .
Using these results, we construct f (w, x, y), the probability that
w lineages from one species, x lineages from a second species,
and y lineages from a third species coalesce to a single lineage
while preserving reciprocal monophyly, with the first interspecies
coalescence taking place between the first two species:
f (w, x, y) =

y
∑
Iw,1 Ix,1 Iy,c W3 (w − 1, x − 1, y − c)Ic ,1
c =1

Iw+x+y,1

.

(7)

The first two arguments in this function are exchangeable:
f (w, x, y) = f (x, w, y). The three nonequivalent assignments of
species to arguments of the function f – f (w, x, y), f (w, y, x), and
f (x, y, w ) – yield the three different orders in which the two interspecies coalescences can occur. Thus, to obtain F (w, x, y), the

(8)

Fig. 2A illustrates a specific coalescence sequence that would be
counted by Eq. (8), and in particular by Eq. (7), because the first
interspecific coalescence joins the first two species. We note that
Eqs. (7) and (8) enable corrections to two results of Rosenberg
(2002) that omitted some scenarios (see Appendix).
For the root branch, the value of Kroot is
Kroot (w, x, y, m)

=

⎧
F (w, x, y)
⎪
⎪
⎨
Iy,1

I
⎪
⎪
⎩ y+1,1
0

Case 1: w, x, y ≥ 1, m = 0
Case 2: w = x = 0, y ≥ 1, m = 1

(9)

otherwise.

Like KI (Eq. (6)), Kroot also has two possible cases that preserve reciprocal monophyly (Eq. (9)). Case 1 applies when no interspecies
coalescence has occurred below the root branch. Lineages from
three species enter the root branch, so we use F (Eq. (8)).
Case 2 applies when an interspecies coalescence has occurred in
the internal branch of the species tree. In this case, a single mixed
lineage and y lineages from species C are initially present at the
root branch. The total number of possible coalescence sequences
that reduce y + 1 lineages to a single lineage is Iy+1,1 . For reciprocal
monophyly to occur, the lineages from species C must coalesce to a
single lineage (counted by Iy,1 ) before the interspecies coalescence.
There is only one way for the interspecies coalescence to occur. The
total number of coalescence sequences that preserve reciprocal
monophyly is therefore Iy,1 .
4. Probability of reciprocal monophyly of lineages in a fourspecies tree with a balanced topology
In this section, we derive the formula for the probability of
reciprocal monophyly for gene lineages in a four-species tree with
a balanced topology. Fig. 1B presents a four-species balanced tree
topology with internal nodes labeled, and sample sizes, branch
lengths, and branch outputs specified. We label the four extant
species and their corresponding leaves and lineages A, B, C, and
D (in red, green, blue, and cyan, respectively, in Fig. 1B). We
indicate the two internal branches by L and R, corresponding to
their positions in Fig. 1B. The branch outputs in Fig. 1B are
ZA = (k, 0, 0, 0, 0)
ZB = (0, ℓ, 0, 0, 0)
ZC = (0, 0, m, 0, 0)
ZD = (0, 0, 0, n, 0)
ZL = (w, x, 0, 0, mL )
ZR = (0, 0, y, z , mR ).
We have p lineages from species A, which coalesce to k lineages
during time T4 . Similarly, q lineages from species B coalesce to ℓ
lineages during time T4 , r lineages from species C coalesce to m
lineages during time T4 + T3 , and s lineages from species D coalesce
to n lineages during time T4 + T3 . Within branch L, k lineages from
species A and ℓ lineages from species B coalesce to w lineages from
species A, x lineages from species B, and mL mixed lineages during
time T3 + T2 . Within branch R, m lineages from species C and n
lineages from species D coalesce to y lineages from species C, z
lineages from species D, and mR mixed lineages during time T2 .
Finally, in the root branch, w lineages from species A, x lineages
from species B, y lineages from species C, z lineages from species
D, and mL + mR mixed lineages coalesce to a single mixed lineage.
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h1 (w, x, y, z) =

c2
y
z
∑
∑
∑
Iw,1 Ix,1 Iy,c1 Iz ,c2 W4 (w − 1, x − 1, y − c1 , z − c2 )Ic1 ,1 Ic2 ,c3 W2 (c1 − 1, c2 − c3 )Ic3 ,1

Iw+x+y+z ,1

c1 =1 c2 =1 c3 =1

.

(13)

Box I.

4.1. Application of the recursion
Compiling these reductions in the numbers of lineages along the
various species tree branches and applying Eq. (2) to the root of the
species tree in Fig. 1B in three steps, one for each internal node,
yields

P(E) =

p
q
r
s
1
1
k
ℓ ∑
m
n
∑
∑
∑
∑
∑
∑
∑
∑
∑

gp,k (T4 )

k=1 ℓ=1 m=1 n=1 mL =0 mR =0 w=0 x=0 y=0 z =0

× gq,ℓ (T4 )gr ,m (T4 + T3 )
(10)
× gs,n (T4 + T3 )gk+ℓ,w+x+mL (T3 + T2 )gm+n,y+z +mR (T2 )
× KL (k, ℓ, w, x, mL )KR (m, n, y, z , mR )Kroot (w, x, y, z , mL , mR ).
4.2. Combinatorial terms
We now derive the values of Kx for nodes L and R and for the
root.
4.2.1. KL and KR
The internal nodes L and R both have lineages from two species
and no mixed lineages as inputs. Thus, KL and KR are exactly
analogous to KI in the three-species case, with (k, ℓ) or (m, n) in
the role of (s, t), (w, x) or (y, z) in the role of (w, x), and mL or mR in
the role of m:
KL (k, ℓ, w, x, mL )

⎧
Ik,w Iℓ,x W2 (k − w, ℓ − x)
⎪
⎪
⎪
⎪
Ik+ℓ,w+x
⎪
⎪
⎪
⎨
= Ik,1 Iℓ,1 W2 (k − 1, ℓ − 1)
⎪
⎪
Ik+ℓ,1
⎪
⎪
⎪
⎪
⎪
⎩
0

Case 1: k, ℓ, w, x ≥ 1,
mL = 0
Case 2: k, ℓ ≥ 1,

(11)

w = x = 0, mL = 1
otherwise,

KR (m, n, y, z , mR )

⎧
Im,y In,z W2 (m − y, n − z)
⎪
⎪
⎪
⎪
Im+n,y+z
⎪
⎪
⎪
⎨
= Im,1 In,1 W2 (m − 1, n − 1)
⎪
⎪
⎪
Im+n,1
⎪
⎪
⎪
⎪
⎩
0

Case 1: m, n, y, z ≥ 1,
mR = 0
Case 2: m, n ≥ 1,

(12)

y = z = 0, mR = 1
otherwise.

4.2.2. Kroot
The root can have lineages from all four species initially present.
In order to compute the value of Kroot , we need to compute the
probability that when lineages from all four species enter the root
and coalesce to a single mixed lineage, they do so without violating
reciprocal monophyly. We call this probability H. This function is
the four-species analogue of F (Eq. (8)).
To derive H, we apply the same strategy used to derive F
(Eq. (8)): we consider in the numerator all the ways the single
last remaining lineages of each species coalesce with each other.

For four taxa, these lineages can coalesce in I4,1 = 18 different
ways, and hence there are 18 terms to sum. These terms involve
permutations of the arguments of two distinct functions, in the
same way that the three terms in Eq. (8) involve permutations of
the arguments of Eq. (7). The two functions, h1 and h2 , correspond
to balanced and caterpillar topologies, respectively. In the threespecies case, there is only the caterpillar topology, and there is only
one function, f (Eq. (7)). For four species, the caterpillar topology
yields 12 of the 18 terms, and the balanced topology yields the
remaining 6.
Suppose w, x, y, and z lineages from species A, B, C, and D,
respectively, enter the root node. We start with the caterpillar
sequence for the last three coalescences: (A, B), ((AB), C), and
(((AB)C), D) (Fig. 2C). In this situation, the lineage from species A
and the lineage from species B coalesce first. Let c1 and c2 be the
numbers of lineages from species C and species D, respectively, that
are present when the (A, B) coalescence occurs. The dashed line in
Fig. 2C indicates this point in the coalescence sequence; c1 = 2 and
c2 = 3. The number of ways to reach this point in the coalescence
sequence is Iw,1 Ix,1 Iy,c1 Iz ,c2 W4 (w − 1, x − 1, y − c1 , z − c2 ). Then the
(A, B) coalescence occurs. Let c3 be the number of lineages from
species D that are present just before the ((AB), C) coalescence.
The dotted line in Fig. 2C indicates this point in the coalescence
sequence, with c3 = 2. The number of ways to get from the
(A, B) coalescence to this point is Ic1 ,1 Ic2 ,c3 W2 (c1 − 1, c2 − c3 ).
Then the ((AB), C) coalescence occurs. Finally, the c3 lineages from
species D must coalesce to a single lineage (with Ic3 ,1 possible
ways) and then the (((AB), C), D) coalescence must occur. For a
specific set of ci , the number of coalescence sequences that satisfy
reciprocal monophyly is Iw,1 Ix,1 Iy,c1 Iz ,c2 W4 (w − 1, x − 1, y − c1 , z −
c2 )Ic1 ,1 Ic2 ,c3 W2 (c1 − 1, c2 − c3 )Ic3 ,1 .
The number of coalescence sequences that reduce w + x + y + z
lineages to a single lineage is Iw+x+y+z ,1 . For the probability that
the w , x, y, and z lineages from species A, B, C, and D, respectively,
are separately monophyletic with the sequence (A, B), ((AB), C),
(((AB)C), D) for the coalescences of the final lineages, we have
Eq. (13) given in Box I.
As was true for f (Eq. (7)), the first two arguments of h1 are
exchangeable. The twelve nonequivalent permutations of the arguments yield all the sequences by which the final lineages from
the four species coalesce in a caterpillar topology. Fig. 2C illustrates
a specific coalescence sequence that would be counted by Eq. (13).
The 6 remaining terms come from sequences of the last three
coalescences that lead to a balanced gene tree topology, such as
(A, B), (C, D), ((AB), (CD)) (Fig. 2D). Let c1 and c2 be the numbers
of lineages from species C and species D present at the (A, B)
coalescence. The dashed line in Fig. 2D indicates this point in the
coalescence sequence; c1 = 1 and c2 = 2. The number of ways to
reach this point is Iw,1 Ix,1 Iy,c1 Iz ,c2 W4 (w − 1, x − 1, y − c1 , z − c2 ). The
number of ways to get from the (A, B) coalescence to just before the
(C, D) coalescence is Ic1 ,1 Ic2 ,1 W2 (c1 − 1, c2 − 1). Then the two final
coalescences ((C, D) and ((AB), (CD))) happen, each with only one
way of occurring. The number of coalescence sequences that satisfy
reciprocal monophyly is: Iw,1 Ix,1 Iy,c1 Iz ,c2 W4 (w − 1, x − 1, y − c1 , z −
c2 )Ic1 ,1 Ic2 ,1 W2 (c1 − 1, c2 − 1). The number of coalescence sequences
that reduce w + x + y + z lineages to a single lineage is Iw+x+y+z ,1 .
For the probability that the w , x, y, and z lineages from species A,
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h2 (w, x, y, z) =

y
z
∑
∑
Iw,1 Ix,1 Iy,c1 Iz ,c2 W4 (w − 1, x − 1, y − c1 , z − c2 )Ic1 ,1 Ic2 ,1 W2 (c1 − 1, c2 − 1)
c1 =1 c2 =1

Iw+x+y+z ,1

.
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(14)

Box II.

B, C, and D, respectively, are separately monophyletic and coalesce
with sequence (A, B), (C, D), ((AB), (CD)) for the final lineages, we
have Eq. (14) given in Box II.
In this case, the first and second arguments of h2 are exchangeable, as are the third and fourth arguments. The 6 nonequivalent
permutations of the arguments yield all the situations in which the
final lineages from the four species coalesce in a balanced topology. Fig. 2D illustrates a specific coalescence sequence counted by
Eq. (14).
All 18 of the scenarios are mutually exclusive because each
corresponds to a unique ordering of coalescences of final lineages.
To count the total fraction of coalescence sequences that preserve
reciprocal monophyly when four species enter a node and coalesce
to a single lineage, we sum the 18 terms:
H(w, x, y, z) = h1 (w, x, y, z) + h1 (w, x, z , y)

ZD = (0, 0, 0, z , 0)

+ h1 (x, z , w, y) + h1 (x, z , y, w)

ZL1 = (ℓ, m, 0, 0, m1 )

+ h1 (y, z , w, x) + h1 (y, z , x, w) + h2 (w, x, y, z)
(15)

+ h2 (x, y, w, z) + h2 (x, z , w, y) + h2 (y, z , w, x).
For the root node, the value of Kroot is
Kroot (w, x, y, z , mL , mR )

0

Case 1: w, x, y, z ≥ 1,
mL = mR = 0
Case 2: w, x ≥ 1, y = z = mL = 0,
mR = 1
Case 3: y, z ≥ 1, w = x = mR = 0,
mL = 1
Case 4: w = x = y = z = 0,
mL = mR = 1
otherwise.

ZA = (k1 , 0, 0, 0, 0)

ZC = (0, 0, n, 0, 0)

+ h1 (w, z , y, x) + h1 (x, y, w, z) + h1 (x, y, z , w)

⎧
H(w, x, y, z)
⎪
⎪
⎪
⎪
⎪
⎪
⎪F (w, x, 1)
⎪
⎪
⎪
⎨
= F (y, z , 1)
⎪
⎪
⎪
⎪
⎪
⎪
1
⎪
⎪
⎪
⎪
⎩

In this section, we derive the formula for the probability of
reciprocal monophyly for gene lineages in a four-species tree with
a caterpillar topology. Fig. 1C presents a four-species caterpillar
tree topology with internal nodes labeled, and sample sizes, branch
lengths, and branch outputs specified. We label the four extant
species and their corresponding leaves and lineages A, B, C, and D
(in red, green, blue, and cyan, respectively, in Fig. 1C). We indicate
the two internal branches by L1 and L2 , numbered from bottom to
top. The branch outputs in Fig. 1C are

ZB = (0, k2 , 0, 0, 0)

+ h1 (w, y, x, z) + h1 (w, y, z , x) + h1 (w, z , x, y)

+ h2 (w, y, x, z) + h2 (w, z , x, y)

5. Probability of reciprocal monophyly of lineages in a fourspecies tree with a caterpillar topology

(16)

The root node (Eq. (16)) has four possible cases. Case 1 applies
when lineages from all four species are present, so we use H
(Eq. (15)).
Cases 2 and 3 apply when two species are present in the
root along with a mixed lineage that arises from an interspecies
coalescence in an internal branch. The probability of reciprocal
monophyly in this scenario is equal to that of a scenario in which
lineages from three species are present but one species has already
coalesced to a single lineage prior to entering the branch. Thus, in
these cases Kroot takes the value of the function F (Eq. (8)) with two
inputs possibly greater than 1 and the third input equal to 1.
Case 4 applies when two mixed lineages and no other lineages
are present. Before reaching the root, two interspecies coalescences have already occurred, one in each internal branch, so
reciprocal monophyly is already guaranteed at the root as long as
it was preserved in the internal branches. Thus, the only possible
coalescence will result in reciprocal monophyly, and Kroot = 1.

ZL2 = (w, x, y, 0, m2 ).
We have p lineages from species A coalescing to k1 lineages during
time T4 , q lineages from species B coalescing to k2 lineages during
time T4 , r lineages from species C coalescing to n lineages during
time T4 + T3 , and s lineages from species D coalescing to z lineages
during time T4 + T3 + T2 . Within branch L1 , k1 lineages from species
A and k2 lineages from species B coalesce to ℓ lineages from species
A, m lineages from species B, and m1 mixed lineages during time
T3 . Within branch L2 , ℓ lineages from species A, m lineages from
species B, n lineages from species C, and m1 mixed lineages coalesce
to w lineages from species A, x lineages from species B, y lineages
from species C, and m2 mixed lineages during time T2 . Finally, in the
root branch of the species tree, w lineages from species A, x lineages
from species B, y lineages from species C, z lineages from species
D, and m2 mixed lineages coalesce to a single mixed lineage.

5.1. Application of the recursion
Compiling these reductions in the numbers of lineages along the
various species tree branches and applying Eq. (2) to the root of the
species tree in Fig. 1C in three steps, one for each internal node,
yields

P(E) =

k1
k2
p
q
r
s
1
1
ℓ ∑
m
n
∑
∑
∑
∑
∑
∑
∑
∑
∑
∑

gp,k1 (T4 )

k1 =1 k2 =1 n=1 z =1 m1 =0 m2 =0 ℓ=0 m=0 w=0 x=0 y=0

× gq,k2 (T4 )gr ,n (T4 + T3 )

(17)

× gs,z (T4 + T3 + T2 )gk1 +k2 ,ℓ+m+m1 (T3 )gℓ+m+n+m1 ,w+x+y+m2 (T2 )
× KL1 (k1 , k2 , ℓ, m, m1 )KL2 (ℓ, m, n, m1 , w, x, y, m2 )
× Kroot (w, x, y, z , m2 ).
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For node L2 , the values of KL2 are

5.2. Combinatorial terms
We now derive the values of Kx for nodes L1 , L2 , and the root.

KL2 (ℓ, m, n, m1 , w, x, y, m2 )

5.2.1. KL1
The internal node L1 has lineages from two species and no
mixed lineages as inputs. Thus, KL1 is exactly analogous to KI in the
three-species case (Eq. (6)), with (k1 , k2 ) in the role of (s, t), (ℓ, m)
in the role of (w, x), and m1 in the role of m:
KL1 (k1 , k2 , ℓ, m, m1 )

⎧
Ik1 ,ℓ Ik2 ,m W2 (k1 − ℓ, k2 − m)
⎪
⎪
⎪
⎪
Ik1 +k2 ,l+m
⎪
⎪
⎪
⎨
= Ik1 ,1 Ik2 ,1 W2 (k1 − 1, k2 − 1)
⎪
⎪
⎪
Ik1 +k2 ,1
⎪
⎪
⎪
⎪
⎩
0

Case 1: k1 , k2 , ℓ,
m ≥ 1 , m1 = 0
Case 2: k1 , k2 ≥ 1,

(18)

ℓ = m = 0, m1 = 1
otherwise.

5.2.2. KL2
Node L2 can have lineages from three species enter but it need
not have all lineages coalesce to a single lineage. Non-M lineages
ancestral to zero, one, or three species can remain as outputs. If
non-M lineages ancestral to three species remain, then the calculation is straightforward. If no non-M lineage remains, then we use
F (Eq. (8)). The case in which non-M lineages ancestral to a single
species remain requires another new function. In order to compute
the value of KL2 , we need to compute the probability that when
lineages from three species enter a node and the output consists of
a single mixed lineage and lineages from a single species, reciprocal
monophyly is preserved. We call this function G.
In computing G, we use the same strategies as we used when
computing F (Eq. (8)) and H (Eq. (15)). If non-M lineages from only
a single species remain, then a single interspecies coalescence must
have occurred. Suppose the interspecies coalescence takes place
between a lineage from species A and a lineage from species B.
Then the lineages from species A and those from species B must
each coalesce to a single lineage, and then the (A, B) coalescence
must occur (Fig. 2B). We start with w , x, and y lineages from species
A, B, and C, respectively, and c lineages from species C are present
at the time of the (A, B) coalescence. The dashed line in Fig. 2B
indicates this point in the coalescence sequence; c = 3. The
number of ways to get to this point is Iw,1 Ix,1 Iy,c W3 (w − 1, x −
1, y − c). Next, the (A, B) coalescence occurs. The result of this
coalescence is a single mixed lineage (the gray lineage in Fig. 2B).
The c lineages from species C coalesce to c1 lineages; in Fig. 2B,
c1 = 2. The number of ways this sequence of coalescences can
occur is Ic ,c1 . The number of coalescence sequences that reduce w ,
x, and y lineages of three species to c1 lineages of the third species
and a single mixed lineage while preserving reciprocal monophyly
is therefore Iw,1 Ix,1 Iy,c W3 (w − 1, x − 1, y − c)Ic ,c1 . The total number
of coalescence sequences that reduce w+ x + y lineages to c1 + 1 lineages is Iw+x+y,c1 +1 . Consequently, the probability that w lineages
from one species, x lineages from a second species, and y lineages
from a third species coalesce to one mixed lineage and c1 lineages
of the third species is
G(w, x, y, c1 ) =

y
∑
Iw,1 Ix,1 Iy,c W3 (w − 1, x − 1, y − c)Ic ,c1
c = c1

Iw+x+y,c1 +1

.

(19)

The first two arguments correspond to the species that coalesce,
and they are exchangeable, so that G(w, x, y, c1 ) = G(x, w, y, c1 ).
Fig. 2B illustrates a specific coalescence sequence that would be
counted by Eq. (19).

=

⎧
F (ℓ, m, n)
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪G(m, n, ℓ, w)
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
G(ℓ, n, m, x)
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪G(ℓ, m, n, y)
⎪
⎪
⎪
⎪
⎪
⎪
⎨

Iℓ,w Im,x In,y W3 (ℓ − w, m − x, n − y)
⎪
⎪
⎪
Iℓ+m+n,w+x+y
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
In,y
⎪
⎪
⎪
⎪
In+1,y+1
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
I
⎪
⎪ n,1
⎪
⎪
In+1,1
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩
0

Case 1: ℓ, m, n ≥ 1,
w = x = y = m1 = 0,
m2 = 1
Case 2: ℓ, m, n, w ≥ 1,
x = y = m1 = 0,
m2 = 1
Case 3: ℓ, m, n, x ≥ 1,
w = y = m1 = 0,
m2 = 1
Case 4: ℓ, m, n, y ≥ 1,
w = x = m1 = 0,
m2 = 1
Case 5: ℓ, m, n, w, x,
y ≥ 1,
m1 = m2 = 0
Case 6: n, y ≥ 1,

w = x = ℓ = m = 0,
m1 = m2 = 1
Case 7: n ≥ 1,

w = x = ℓ = m = y = 0,
m1 = m2 = 1
otherwise.

(20)
Node L2 (Eq. (20)) has seven possible nontrivial cases. Case 1
applies when lineages of three species enter and a single mixed
lineage exits, and the computation is given by F (Eq. (8)) as before.
Cases 2–4 apply when lineages from three species enter and a
single interspecies coalescence occurs. These cases correspond to
G (Eq. (19)), with different argument assignments that depend on
the species identities in the interspecies coalescence.
Case 5 applies when lineages from three species enter and
no interspecies coalescences occur. The total number of possible
coalescence sequences is Iℓ+m+n,w+x+y . For reciprocal monophyly
to be preserved, ℓ lineages from species A must coalesce to w
lineages (counted by Iℓ,w ), m lineages from species B must coalesce
to x lineages (counted by Im,x ), and n lineages from species C must
coalesce to y lineages (counted by In,y ). The number of ways to
order these three separate sequences is W3 (ℓ − w, m − x, n − y).
The total number of possible coalescence sequences that preserve
reciprocal monophyly is therefore Iℓ,w Im,x In,y W3 (ℓ−w, m−x, n−y).
Case 6 applies when lineages from species C enter the node
along with a mixed lineage that has resulted from an interspecies
coalescence between species A and B in the branch L1 , and no interspecies coalescence occurs in branch L2 . The number of possible
coalescence sequences is In+1,y+1 . For reciprocal monophyly to be
preserved, the n lineages from species C must coalesce to y lineages
and the mixed lineage must not participate in a coalescence; there
exist In,y such coalescence sequences.
Case 7 applies when lineages from species C enter the node
along with a mixed lineage but, unlike in Case 6, an interspecies
coalescence occurs, and only a single mixed lineage remains. The
number of possible coalescence sequences is In+1,1 . For reciprocal
monophyly to occur, the n lineages from species C must coalesce
to a single lineage while the mixed lineage does not coalesce, and
then the remaining C lineage must coalesce with the mixed lineage.
The coalescence of the C lineages can occur in In,1 ways and the
coalescence with the mixed lineage can occur in only one way.
The total number of possible coalescence sequences that preserve
reciprocal monophyly is therefore In,1 .
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Fig. 3. Probability of reciprocal monophyly for a three-species tree. Species tree height varies from 0 to 5, and the internal branch length parameter r varies from 0 to 1.
(A) Species tree with samples of size 2 from each of the three species. (B) Probability of reciprocal monophyly, with height T on the x-axis and shading based on r, with
darker shades representing smaller values of r. As T → ∞, the probability for r = 1 approaches 19 . For all other values of r, the probability approaches 1. (C) Probability of
reciprocal monophyly as a function of height for different sample sizes, with the value of r fixed at 0.5. Sample sizes range from 2 to 9 and are assumed to be equal for all
three species. Darker shades represent larger sample sizes.

5.2.3. Kroot
For the root, the values of Kroot are
Kroot (w, x, y, z , m2 )

⎧
H(w, x, y, z)
⎪
⎪
⎪
F (w, z , 1)
⎪
⎪
⎪
⎪
⎨F (x, z , 1)
= F (y, z , 1)
⎪
⎪
Iz , 1
⎪
⎪
⎪
⎪
I
⎪
z
⎩ +1,1
0

Case 1: w, x, y, z ≥ 1, m2 = 0
Case 2: w, z ≥ 1, x = y = 0, m2 = 1
Case 3: x, z ≥ 1, w = y = 0, m2 = 1
Case 4: y, z ≥ 1, w = x = 0, m2 = 1
Case 5: z ≥ 1, w = x = y = 0, m2 = 1

with sample size 2, and leaf length zero. Using the general closedform solution for a two-species tree, this probability, originally
obtained by Tajima (1983), is equal to 19 (Rosenberg 2003, Zhu
et al. 2011, Mehta et al. 2016). If 0 < r < 1, then as T → ∞,
the leaf branch lengths all approach ∞, and the probability of
reciprocal monophyly approaches 1. In this limit, each leaf branch
only contains lineages from one species, and they all coalesce
before they have the opportunity to coalesce with lineages of other
species.
6.2. Sample size: three species

otherwise.
(21)

The root (Eq. (21)) has five possible nontrivial cases. As was true
for the case of a balanced four-species topology (Eq. (16)), Case 1
applies when lineages from all four species are present, and we use
H (Eq. (15)).
Cases 2–4 apply when exactly one interspecies coalescence
occurs below the root branch, and lineages from two species and
a mixed lineage enter the root. This scenario corresponds to the
calculation of F (Eq. (8)), with one of the values being 1, as was
true in the balanced case (Eq. (16)).
Case 5 applies when two interspecies coalescences occur below
the root branch, which yields lineages from species D and one
mixed lineage entering the root branch. This situation is equivalent
to Case 7 for KL2 (Eq. (20)), but with z in place of n.
6. Results
6.1. Species tree height and internal branch lengths: three species
To study the effect of the length of the internal branch on the
probability of reciprocal monophyly for three species, we consider
a three-species tree with height T , 2 lineages per species, and
internal branch length rT , where r ∈ [0, 1] (Fig. 3A). We compute
the probability of reciprocal monophyly according to Eq. (5) for
different values of T and r.
Fig. 3B displays probabilities of reciprocal monophyly for this
species tree, varying both T and r from 0 to 1. The probability of
reciprocal monophyly increases monotonically as T increases with
fixed r and as r decreases with fixed T .
When r = 0, the species tree has a star shape, globally maximizing the probability of reciprocal monophyly by minimizing
the time that lineages from multiple species co-occur in the same
population. When r = 1, samples from two species are forced into
the same branch; as T → ∞, the branch containing these two
species becomes infinitely long and resembles a root branch. In this
case, the probability of reciprocal monophyly of three species approaches the corresponding probability for a two-species tree, each

To explore the effect of sample size on the probability of reciprocal monophyly for three species, we compute the probability of
reciprocal monophyly (Eq. (5)) for the same three-species tree as in
Fig. 3A, but we fix r = 0.5 and vary the sample size of each species
from 2 to 9.
Fig. 3C provides the reciprocal monophyly probabilities over
the range of species tree heights T from 0 to 5. The probability
of reciprocal monophyly decreases monotonically with increasing
sample size. However, as sample size increases for fixed T , the
reciprocal monophyly probability approaches a constant. For large
T , sample size quickly ceases to become important as the probabilities approach their large-sample limits.
6.3. Species tree height and internal branch lengths: four species
A four-species tree with height fixed at T = 1 has two free
parameters: the lengths of the two internal branches. We set these
lengths to aT and bT , with a, b ∈ [0, 1]. For the balanced topology,
we vary a and b across the full range of possible values (Fig. 4A).
For the caterpillar topology, we vary a and b with the additional
constraint that a + b ≤ 1, with the remaining height (1 − a − b)T
taken up by the shortest leaf branches (Fig. 4D). We compute the
probability of reciprocal monophyly for the balanced species tree
topology using Eq. (10) and for the caterpillar species tree topology
using Eq. (17). Each species has sample size 2.
The probability of reciprocal monophyly for the balanced
species tree is symmetric in the two internal branch lengths aT
and bT , so the probabilities are symmetric across the a = b line
(Fig. 4B). The probability decreases monotonically as a and b each
increase, owing to the increased probability of deep coalescence
compared to coalescence in the leaves.
The probability of reciprocal monophyly for the caterpillar
species tree is not symmetric in the two internal branch lengths
aT and bT , so the probabilities are not symmetric across the a = b
line (Fig. 4E). As was true for the balanced case, the probability
of monophyly decreases monotonically as a and b each increase,
owing to the increased probability of deep coalescence compared
to coalescence in the leaves.
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Fig. 4. Probability of reciprocal monophyly for a four-species tree. (A) Balanced species tree with samples of size 2 from each species. (B) Probability of reciprocal monophyly
for the balanced species tree with T = 1, 2 lineages per species, and a, b ∈ [0, 1]. (C) Probability of reciprocal monophyly for the balanced species tree with T ∈ [0, 5],
a = b = 0.5, and sample size per species ranging from 2 to 6. (D) Caterpillar species tree with samples of size 2 from each species. (E) Probability of reciprocal monophyly
for the caterpillar species tree with T = 1, 2 lineages per species, a, b ∈ [0, 1], and a + b ≤ 1. (F) Probability of reciprocal monophyly for the caterpillar species tree with
T ∈ [0, 5], a = b = 31 , and sample size per species ranging from 2 to 6. Sample sizes are assumed to be equal for all species.

Fig. 5. Distributions of the reciprocal monophyly probability when species tree height T is fixed and internal branch lengths are chosen at each point on a grid of
possible values. The kernel density estimates use Gaussian smoothing with bandwidth determined by the bw.nrd0 function in R. (A) Three species (Fig. 3A) with parameter
r ∈ {0, 0.01, 0.02, . . . , 1}. (B) Four species, balanced topology (Fig. 4A) with parameters (a, b) ∈ {0, 0.01, . . . , 1} × {0, 0.01, . . . , 1} . (C) Four species, caterpillar topology
(Fig. 4D) with parameters a and b chosen so that a + b ≤ 1 and (a, b) ∈ {0, 0.01, . . . , 1} × {0, 0.01, . . . , 1}. Sample size for each species is fixed at 2.

6.4. Sample size: four species
As we did in the case of three species, to explore the effects of
sample size on the reciprocal monophyly probability, we fix the
internal branch lengths. We set a = b = 0.5 for the balanced
species tree (Fig. 4A) and a = b = 13 for the caterpillar species
tree (Fig. 4D), varying T from 0 to 5. For both species trees, we vary
the sample sizes per species from 2 to 6.
Figs. 4C and 4F display the probabilities of reciprocal monophyly for varying species tree height and sample size for the balanced (Fig. 4A, computed using Eq. (10)) and caterpillar (Fig. 4D,
computed using Eq. (17)) species trees, respectively. As we observed for the three-species tree (Fig. 3), for both four-taxon
topologies, the probability increases monotonically with increasing species tree height and decreases monotonically with increasing sample size. For a fixed species tree height, the probabilities
again converge quickly as the sample sizes increase.
6.5. Distributions of the reciprocal monophyly probability
To provide a summary of the reciprocal monophyly probability
for species trees of fixed height with branch lengths unspecified,

we consider distributions of reciprocal monophyly probability for
a fixed species tree height given a grid of choices for the branch
lengths. For the three-species tree (Fig. 3), we examine all values of
r ∈ {0, 0.01, 0.02, . . . , 1}. For the four-species tree with balanced
topology (Fig. 4A), we consider all (a, b) ∈ {0, 0.01, . . . , 1} ×
{0, 0.01, . . . , 1}. For the four-species tree with caterpillar topology
(Fig. 4D), we consider all such (a, b) that also satisfy a + b ≤ 1.
Fig. 5A plots the probability density of reciprocal monophyly
probabilities for the three-species case for T = 1, 2, 5, and 10. Figs.
5B and 5C plot the densities of reciprocal monophyly probabilities
for the four-species balanced and caterpillar cases, respectively, for
T = 1, 2, 5, and 10.
As species tree height increases, the means and modes of the
densities increase. In general, the width of the central part of
the distribution increases as height increases from 0. Despite a
persistent left tail, the density shifts to the right as the height gets
large enough to force most of the distribution close to 1. These
patterns are seen for both three and four species (Fig. 5).
A larger height T permits the possibility of larger monophyly
probabilities, but if small values are chosen for the internal branch
lengths or the branch lengths at the leaves of the species tree, then
small monophyly probabilities are still possible. These small probabilities, however, become less likely as height increases. Small
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Fig. 6. Probabilities of reciprocal monophyly for autosomal, X-chromosomal, and mitochondrial loci for three and four species, with species tree height T ∈ [0, 10] for the
autosomal locus. All species trees have two lineages per species. (A) Three-species tree with internal branch length

T
.
2

(B) Four-species balanced tree topology with internal

branch lengths T2 . (C) Four-species caterpillar tree topology with internal branch lengths T3 . In the lightest shaded region, the probability exceeds 0.95 for mitochondrial loci
only. In the next-lightest shaded region, the probability exceeds 0.95 for mitochondrial and X-chromosomal loci. In the darkest shaded region, the probability exceeds 0.95
for all types of loci. This region extends to T → ∞.

probabilities of reciprocal monophyly occur for small values of
(1 − r)T , (1 − a)T , (1 − b)T , or (1 − a − b)T ; if T is larger, then r,
a, and b must be larger to yield small reciprocal probabilities, and
such large values of r, a, or b are less likely to be chosen.
6.6. Multiple types of loci
It is possible to construct gene trees with the same individuals,
but from a variety of genetic sources, each with different effective population sizes. In mammals, gene trees can be constructed
from autosomal loci, mitochondrial loci, X-chromosomal loci, or
Y-chromosomal loci. If we assume equal population size and demography for males and females, we can express the effective
population sizes of mitochondria and of the sex chromosomes in
terms of the autosomal effective population size NeA . For mitochondria and the Y chromosome, NeM = NeY = 14 NeA , and for the
X chromosome, NeX = 34 NeA . The branch lengths in our species
trees are in coalescent units, which are inversely proportional to
population size. Hence, time T for autosomal loci corresponds to
time 4T for mitochondrial and Y-chromosomal loci and to 34 T for
X-chromosomal loci.
Fig. 6 shows reciprocal monophyly probabilities for three and
four species for species trees in which height ranges from T = 0
to T = 5 for autosomal loci. The species tree of height T has
height 4T for mitochondrial and Y-chromosomal loci and height
4
T for X-chromosomal loci. The three-species tree is from Fig. 3A
3
with r = 0.5, the balanced four-species tree is from Fig. 4A with
a = b = 0.5, and the caterpillar four-species tree is from Fig. 4D
with a = b = 31 .
For each species tree, a region of heights exists where reciprocal
monophyly has probability greater than 0.95 for mitochondrial loci
but not for X-chromosomal or autosomal loci. For larger species
tree heights, reciprocal monophyly has probability greater than
0.95 for non-autosomal loci but not for autosomal loci. For still
larger species tree heights, reciprocal monophyly has probability
greater than 0.95 for all types of loci.
6.7. Data example
We now apply our theoretical results to gene trees from
maize and teosinte. Mehta et al. (2016) measured monophyly
frequencies of individual clades of four groups of maize (two nondomesticated groups: Zea mays ssp. mexicana, Zea mays ssp. parviglumis, and two domesticated groups: Zea mays ssp. mays landraces
and improved Zea mays ssp. mays, identified henceforth as ‘‘Mexicana’’, ‘‘Parviglumis’’, ‘‘Landraces’’, and ‘‘Improved’’, respectively)
across many randomly-selected loci for 100 different samples

of 8 individuals, 2 from each group, from the dataset reported
by Chia et al. (2012). The frequencies measured were compared
to theoretical probabilities computed using a species tree adapted
from Hufford et al. (2012) and reproduced in Fig. 7A.
Here, instead of single-clade monophyly probabilities, we compute reciprocal monophyly probabilities for all four groups and
for all four sets of three of the groups. Table 2 and Fig. 8 present
observed frequencies of reciprocal monophyly in the gene trees
examined by Mehta et al. (2016) and theoretical probabilities from
Eqs. (5) and (17) with two samples per species and the species trees
shown in Fig. 7.
The observed reciprocal monophyly frequencies are close to the
theoretical probabilities, especially for the four-species tree that
includes all groups (Fig. 7A and ‘‘All Groups’’ in Fig. 8) as well as for
the three-species trees that contain both nondomesticated groups
(Parviglumis and Mexicana; Figs. 7B and 7C, and ‘‘No Improved’’
and ‘‘No Landraces’’ in Fig. 8). These computations suggest that
the theoretical probabilities of reciprocal monophyly reasonably
capture the behavior of genealogical processes that occur in the
phylogeny.
6.8. Software implementation
Eqs. (5), (10) and (17) are implemented in the software
Monophyler, which also computes the monophyly probabilities
of Mehta et al. (2016) and can be found at http://rosenberglab.
stanford.edu/monophyler.html.
7. Discussion
We have derived expressions for the probability of reciprocal
monophyly of the lineages of three and four species given a species
tree and sample sizes from each species. We have studied the dependence of these probabilities on species tree parameters such as
height, lengths of internal branches, and sample sizes. Our results
indicate that the probability of reciprocal monophyly increases
with increasing height, decreasing sample size, and decreasing
lengths of internal branches given a fixed height. Among these
parameters, height generally has the strongest effect.
With other factors held constant, any increase in the amount of
time that lineages from the same species can coalesce only among
themselves increases the probability of reciprocal monophyly. The
trends seen in Figs. 3B, 4B, and 4E reflect this observation: increasing height T and decreasing the internal branch length parameter
r (Fig. 3) or a and b (Fig. 4) increases the amount of time that lineages from the same species can coalesce only among themselves,
thereby increasing the reciprocal monophyly probability.
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Fig. 7. Species trees from maize and teosinte used for comparing observed reciprocal monophyly frequencies to theoretical probabilities. (A) All groups. Each three-species
tree (B–E) is the four-species tree in (A) with a single leaf removed, as follows: (B) Improved. (C) Landraces. (D) Parviglumis. (E) Mexicana. Note that all species trees have
height 0.04 except (E), which has height 0.03678.
Table 2
Comparison of observed frequencies and theoretical probabilities of reciprocal
monophyly for the species trees in Fig. 7. All groups: Improved, Landraces, Parviglumis, Mexicana. For each of the other four rows, one of the four groups is omitted from the species tree. The four-species theoretical probability is taken from
Eq. (17), and three-species theoretical probabilities are from Eq. (5). Observed
means and standard deviations consider 100 samples of individuals from Chia et al.
(2012), evaluating reciprocal monophyly probabilities for a set of loci along the
genome as in Mehta et al. (2016).

Fig. 8. Reciprocal monophyly frequencies for gene trees from maize and teosinte.
Triangles represent theoretical probabilities, and circles represent observed mean
frequencies across 100 sets of sampled individuals. Violins indicate distributions
across the 100 sets. Outliers are plotted as separate points.

The relative lack of importance of sample size in Figs. 3C, 4C,
and 4F is consistent with the quick convergence of coalescent
processes as sample sizes increase, previously seen in the twospecies analysis of monophyly probabilities (Rosenberg, 2003). In
all cases explored here, the greatest change in probability occurs
when sample sizes for each species are increased from 2 to 3. Every subsequent increase produces smaller changes in probability;
as additional lineages are incorporated, they do not necessarily
produce a substantial increase in the number of ancestral lineages
at the time of the first species divergence, so that sample size
has relatively little effect after the branch lengths are sufficiently
long. As the per-species sample size increases beyond 5, except
at the smallest values of height T , the probability of reciprocal
monophyly closely approaches the infinite-sample-size case.
To explore the effect of internal branch lengths on the probability of reciprocal monophyly, we have computed the distribution of
reciprocal monophyly probabilities over grids of internal branch
lengths for a fixed species tree height. The resulting reciprocal
monophyly probability distributions are relatively narrow, suggesting that species tree height is a more important factor than
the internal branch length for determining reciprocal monophyly
probability. However, configurations of internal branch lengths
that result in low probabilities of reciprocal monophyly always
exist even if the species tree height is large, so internal branch
length cannot be ignored entirely. In particular, if there is the
possibility of recent divergence in the species tree, then internal
branch lengths become important for determining the reciprocal
monophyly probability. The distributions of reciprocal monophyly

Tree

Number
of groups

Theoretical
probability

Observed
mean

Observed
SD

All groups
No Improved
No Landraces
No Parviglumis
No Mexicana

4
3
3
3
3

0.0011
0.0136
0.0136
0.0134
0.0131

0.0027
0.0127
0.0160
0.0066
0.0071

0.0017
0.0052
0.0058
0.0026
0.0038

probabilities are similar for balanced and caterpillar topologies
(compare Figs. 5B and 5C).
Extending computations of Moore (1995) and Rosenberg
(2003) that examined mitochondrial and autosomal loci in species
pairs, we have also studied the situation in which data are collected from multiple different genetic sources, each with a different effective population size. For a given species tree height with
respect to autosomal loci, mitochondrial loci and Y-chromosomal
loci are expected to have the highest levels of reciprocal monophyly, followed by X-chromosomal loci, and finally by autosomal
loci. A period exists during which mitochondrial loci, but not Xchromosomal or autosomal loci, are expected to be reciprocally
monophyletic with >95% probability, followed by a period during
which mitochondrial and X-chromosomal loci, but not autosomal
loci, are expected to be reciprocally monophyletic with >95%
probability. After a sufficient length of time, all classes of loci are
expected to be reciprocally monophyletic with >95% probability.
Thus, studies in which genes are sampled from sources with different effective population sizes allow a richer array of reciprocal
monophyly patterns that can be used to assess genealogies more
thoroughly than if just a single source were used.
Finally, in a data example using SNP data from maize, we
computed frequencies of reciprocal monophyly for three and four
groups of maize subspecies and compared those frequencies to
theoretical probabilities obtained from our results under a specific
species tree model. We found that the observed frequencies generally match the theoretical predictions. The same caveats that were
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present in a parallel analysis of monophyly probabilities by Mehta
et al. (2016) apply here. First, there is uncertainty in the species
tree model that we do not take into account and that might be the
cause of the deviations from our theoretical predictions observed
in some of the three-species analyses. Second, we do not account
for the gene flow between groups that is likely present in this
system. Third, we estimate the gene trees from the same data
from which the species tree was estimated, so that monophyly
frequencies might be implicitly compatible. We do not expect this
dual use of the data to have a major effect on the interpretation
of our reciprocal monophyly probabilities: reciprocal monophyly
largely reflects species tree height, and the height of our species
tree was obtained from a study that did not use the same data we
used (see Mehta et al., 2016 for details).
Starting with small numbers of taxa and then generalizing to
arbitrary numbers has been a successful strategy for probability
computations for features of gene trees conditional on species
trees. The relationship between gene trees and species trees was
studied in detail for three species (Nei, 1987; Takahata, 1989;
Rosenberg, 2002) and then extended (Pamilo and Nei, 1988; Degnan and Salter, 2005). For monophyly problems, the probability
of monophyly when lineages are classified into two subsets was
initially solved for two taxa (Rosenberg, 2003), and the extension
to arbitrary numbers of taxa by Mehta et al. (2016) built upon the
techniques of the two-taxon case. Our analysis extends this twoclass analysis to the case of three and four classes for species trees
with three and four taxa.
A next step for this work is to further generalize the theory from
three and four classes to n classes and from three and four species
to n species. Although our computations have been specific to the
species trees and lineage classes considered, it would be possible
in principle to proceed by a similar approach for a specified larger
tree of interest, with a larger number of lineage classes. A general
algorithm that could perform the computation for an arbitrary
number of species and lineage classes would be desirable; because
the computation could quickly become unwieldy, a possible generalization might involve a method to construct the analytical formula by computer algebra instead of a calculation of the analytical
formula itself. It may be possible to aggregate the combinatorial
work of Zhu et al. (2011) on multiple classes of lineages in one
species and the work of Mehta et al. (2016) on recursive analysis
of arbitrary species trees in order to achieve this generalization.
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Appendix
A.1. Correction of results from Rosenberg (2002)
Rosenberg (2002) presented a formula for the probability that
lineages from three species are separately monophyletic and that,
in addition, the order of interspecies coalescences mimics the
topology of the species tree, terming this situation ‘‘monophyletic
concordance.’’ However, Rosenberg (2002) mistakenly assumed
that no interspecies coalescences occur during the root branch of
the species tree until all lineages have coalesced to three total lineages. It is, in fact, possible for an interspecies coalescence to occur
before all species have intraspecifically coalesced to single lineages
while still permitting reciprocal monophyly or monophyletic concordance. Fig. 2A provides an example of a coalescence sequence
that violates the assumption made by Rosenberg (2002) but still
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gives rise to reciprocal monophyly and monophyletic concordance,
assuming the species tree follows Fig. 1A.
Eqs. 11–13 of Rosenberg (2002) therefore omit some cases of
coalescence sequences that permit reciprocal monophyly or monophyletic concordance. Our Eq. (5) provides the correct probability
corresponding to Eq. (12) of Rosenberg (2002), and substituting
T2 = 0 in Eq. (5) provides the correct probability corresponding
to Eq. (13) of Rosenberg (2002). The correct monophyletic concordance probability P(EMC ) corresponding to Eq. (11) of Rosenberg
(2002) is

P(EMC ) =

p
q
1
s
t
r
∑
∑
∑
∑
∑
∑

gp,s (T3 )gq,t (T3 )gr ,y (T2 + T3 )

s=1 t =1 m=0 w=0 x=0 y=1
mc
(w, x, y, m),
× gs+t ,w+x+m (T2 )KI (s, t , w, x, m)Kroot

(22)

where KI from Eq. (6) appears because monophyletic concordance
is coincident with reciprocal monophyly in the internal branch.
mc
Kroot
, describing the probability that lineages from all three species
enter the root and coalesce to a single mixed lineage with monophyletic concordance, is:
mc
Kroot
(w, x, y, m)

=

⎧
f (w, x, y)
⎪
⎨ I
y,1

⎪
⎩ Iy+1,1
0

Case 1: w, x, y ≥ 1, m = 0
Case 2: y ≥ 1, w = x = 0, m = 1

(23)

otherwise.

mc
Kroot
,

Note that in
f (Eq. (7)) is used instead of F (Eq. (8)) because
monophyletic concordance only occurs when the (A, B) coalescence occurs first.
Table 3 shows three-species reciprocal monophyly and monophyletic concordance probability computations from the sixth and
seventh columns of Table 2 in Rosenberg (2002) and the corrected values of those probabilities obtained using Eqs. (5) and
(22). Table 3 indicates that the values in Rosenberg (2002) and
the corrected values are numerically quite close. The new values
are slightly larger, as they account for scenarios that were not
permitted by Rosenberg (2002). The difference is greater when
branch lengths are shorter, the setting in which the case not taken
into account by Rosenberg (2002) is most probable. When r =
1, the case omitted from Rosenberg (2002) does not occur with
monophyletic concordance, and the monophyletic concordance
probabilities match exactly. However, the reciprocal monophyly
probabilities do not necessarily match when r = 1 because interspecies coalescences can still occur before each species reduces to
a single lineage.
A.2. Four-taxon monophyletic concordance probability
We note that an analogous four-taxon monophyletic concordance probability is straightforward to obtain by our approach
(see Degnan, 2010 for an alternative approach). Computing the
probabilities of monophyletic concordance for four-species trees
requires a similar modification of our results to that used in the
mc ,b
mc ,b
three-species case in Appendix A.1: we substitute KL , KR , and
mc ,b
Kroot for KL , KR , and Kroot in Eq. (10) for the balanced topology
mc ,c
mc ,c
mc ,c
and KL , KL , and Kroot for KL1 , KL2 , and Kroot in Eq. (17) (su1
2
perscripts mc, b, and c denote monophyletic concordance, the balanced topology, and the caterpillar topology, respectively). For the
four-species tree with balanced topology, in the internal branches,
monophyletic concordance is coincident with reciprocal monomc ,b
phyly, so KL
= KL from Eq. (11) and KRmc ,b = KR from Eq. (12).
In the root branch, only two terms of H(w, x, y, z) yield monophyletic concordance: h2 (w, x, y, z) and h2 (y, z , w, x). Only single
terms of F (w, x, 1) and F (y, z , 1) yield monophyletic concordance:
f (w, x, 1) and f (y, z , 1). Note that monophyletic concordance does
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Table 3
A comparison of three-species reciprocal monophyly and monophyletic concordance probabilities obtained from Table
2 in Rosenberg (2002) with corrected probabilities obtained by Eqs. (5) and (22). The corrected probabilities are systematically larger, and the effect is more pronounced for shorter branch lengths, when the scenarios not taken into account
by Rosenberg (2002) are most probable. The monophyletic concordance probabilities match when r = 1, at which the
result of Rosenberg (2002) is correct.
(p, q, r)

T3

(1, 1, 1)

≥0

(2, 2, 1)

0.05

0.5

5

(2, 2, 2)

0.05

0.5

5

(5, 5, 1)

0.05

0.5

5

(5, 5, 5)

0.05

0.5

5

T2
0
0.05
0.5
5
0
0.05
0.5
5
0
0.05
0.5
5
0
0.05
0.5
5
0
0.05
0.5
5
0
0.05
0.5
5
0
0.05
0.5
5
0
0.05
0.5
5
0
0.05
0.5
5
0
0.05
0.5
5
0
0.05
0.5
5
0
0.05
0.5
5
0
0.05
0.5
5

Reciprocal monophyly

Monophyletic concordance

Rosenberg (2002)

Eq. (5)

Rosenberg (2002)

Eq. (22)

1
1
1
1
0.048
0.056
0.109
0.134
0.247
0.260
0.329
0.355
0.989
0.989
0.991
0.991
0.011
0.015
0.059
0.133
0.124
0.137
0.234
0.354
0.983
0.984
0.987
0.991
0.0002
0.0003
0.001
0.002
0.031
0.035
0.066
0.082
0.978
0.978
0.981
0.982
0.000002
0.000005
0.0003
0.002
0.006
0.007
0.030
0.081
0.967
0.968
0.975
0.982

1
1
1
1
0.063
0.072
0.117
0.134
0.277
0.288
0.337
0.355
0.990
0.990
0.991
0.991
0.015
0.020
0.065
0.133
0.145
0.158
0.244
0.354
0.984
0.985
0.988
0.991
0.0003
0.0004
0.002
0.002
0.040
0.045
0.071
0.082
0.979
0.980
0.981
0.982
0.000002
0.000008
0.0004
0.002
0.008
0.010
0.033
0.081
0.969
0.970
0.976
0.982

0.333
0.366
0.596
0.996
0.016
0.019
0.049
0.133
0.082
0.092
0.175
0.353
0.330
0.362
0.590
0.987
0.004
0.005
0.028
0.132
0.041
0.049
0.127
0.352
0.328
0.360
0.588
0.987
0.00007
0.0001
0.0005
0.002
0.010
0.012
0.030
0.081
0.326
0.358
0.584
0.978
0.0000005
0.000002
0.0001
0.002
0.002
0.003
0.014
0.081
0.322
0.354
0.580
0.978

0.333
0.366
0.596
0.996
0.016
0.019
0.049
0.133
0.082
0.092
0.175
0.353
0.330
0.362
0.590
0.987
0.005
0.007
0.030
0.132
0.048
0.056
0.131
0.352
0.328
0.360
0.588
0.987
0.00007
0.0001
0.0005
0.002
0.010
0.012
0.030
0.081
0.326
0.358
0.584
0.978
0.0000007
0.000003
0.0002
0.002
0.003
0.003
0.016
0.081
0.323
0.355
0.580
0.978

not require the order of the (A,B) and (C,D) interspecies coalesmc ,b
cences to match that of the species tree. Thus, Kroot is obtained
by substituting h2 (w, x, y, z) + h2 (y, z , w, x) in Case 1, f (w, x, 1) in
Case 2, and f (y, z , 1) in Case 3 of Eq. (16).
For a four-species tree with caterpillar topology, in internal
branch L1 , monophyletic concordance is coincident with reciprocal
mc ,c
monophyly. Thus, KL
= KL1 from Eq. (18). For the second inter1
nal branch L2 , only one term of F (ℓ, m, n) yields monophyletic concordance: f (ℓ, m, n). Also, only G(ℓ, m, n, y) and not G(m, n, ℓ, w )
mc ,c
or G(ℓ, n, m, x) yields monophyletic concordance. Thus, KL
is
2
obtained by substituting f (ℓ, m, n) for F (ℓ, m, n) in Case 1 and
setting Cases 2 and 3 to zero in Eq. (20). Finally, for the root branch,
only one term of H(w, x, y, z) yields monophyletic concordance:
h1 (w, x, y, z). Similarly, only one term of F (y, z , 1) yields monophyletic concordance: f (1, y, z). Finally, F (w, z , 1) and F (x, z , 1)

mc ,b

cannot yield monophyletic concordance. Thus, Kroot is obtained
by substituting h1 (w, x, y, z) in Case 1 and f (1, y, z) in Case 4, and
setting Cases 2 and 3 to zero in Eq. (21).
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