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ABSTRACT

The celebrated birthday problem asks for the probability that in a classroom of k people, there exists at least
one pair with a shared birthday; a generalization seeks the probability that in two classrooms of k() and
k@ people, at least one shared birthday exists between classrooms. We examine a problem concerning
genealogical ancestry as a variant of this ditype birthday problem. Suppose two people descend from
the same demographic event. What is the probability that they possess at least one ancestor in common
who experienced the event? We use the birthday problem to pose a question concerning genealogies in
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the African-American population, for which, due to the history of slavery, much genealogical information
was not recorded or has been lost: what is the probability that two randomly chosen African-Americans
descended from enslaved Africans forcibly transported to North America share at least one such transported
ancestor in common? Using a demographic model and the ditype birthday problem, we find that the
probability is approximately 19%-31% that two randomly chosen African-Americans born around 1960-
1965 possess at least one shared African ancestor. The result contributes to a deeper understanding of
African-American genealogies—and it illustrates an application of the birthday problem.

1. Introduction

The birthday problem has long been recognized as a celebrated
calculation of elementary probability (Ball and Coxeter 1939, pp.
45-46; Von Mises 1964; McKinney 1966; Diaconis and Mosteller
1989; Borja and Haigh 2007). The problem asks: in a classroom
of k < N students, where N denotes the number of days of
the year, what is the probability of the event A that there exists
at least one day shared as a birthday by two or more of the
k students? It is solved by computing the probability of the
complement of A, the probability that the k students each have
distinct birthdays. The first student has N possible birthdays, the
second has N — 1 possible birthdays, and so on, until the kth
student has N — (k — 1) possible birthdays. The total number of
ways of assigning birthdays to k students is N¥. The problem has
the familiar solution

MW —i) X N!

PlA] = 1-PIA] = 1= == — = -

(1)

With its elementary solution and counterintuitively high
answers, the birthday problem has produced many classrooms
surprised by shared birthdays in small groups, inspired countless
homework problems, and given rise to numerous variants and
extensions (Good 1950; Holst 1986; Mathis 1991; Flajolet, Gardy,
and Thimonier 1992). Of greatest interest here is the multitype
birthday problem, and specifically, the ditype birthday problem,

in which the probability is computed that there exists at least
one day shared as a birthday by a member of subgroup 1 of
size k) and a member of subgroup 2 of size k®. Denoting the
event of at least one shared birthday between members of the two
subgroups by B, we compute the probability of the complement
of B. If it is known that the k") birthdays in subgroup 1 are all
distinct and that the k® birthdays in subgroup 2 are all distinct,
then

o -
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If it is not known that the k! birthdays in subgroup 1 are
distinct, then those k() birthdays can occur on j; distinct days
for any value of j; satisfying 1 < j; < k; the number of
ways that the birthdays of k) people can occur on exactly j;
distinct days is the number of ways to place k) labeled objects
into j; unlabeled classes, the Stirling number of the second
kind, S, (k(l),jl) (Graham, Knuth, and Patashnik 2008, p. 258).
Similarly, the k) birthdays in subgroup 2 occur on j, distinct
days, 1 < ja < k@ in Sz(k(z),jz) ways. Once the j; and j, days

(N — j), the number

have been selected, we calculate ]_E:(r)] 2!
of ways of selecting j; + j» distinct days for j; + j» birthdays,
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in the same way as in (1). The total number of ways of selecting
birthdays of k! 4 k® people is N KU+k® o that (Wendl 2003)

P[B] = 1 — P[B“]

(1) (2) . . j1+j2— .
Sk Yy Sa(k D, 1) Sk, i) T (N — )

=1- NKD K@

3)

2. Shared Genealogical Ancestors

We consider a birthday problem in the study of genealogical
ancestry. An interest in mathematical aspects of genealogies—
the structures of families, often of specific individuals—arises
in areas as diverse as animal breeding (MacCluer et al. 1983;
Farquharson, Hogg, and Grueber 2021), forensic science (Erlich
et al. 2018; Ertiirk et al. 2022), human demography (Caswell
2019; Anderson-Trocmé et al. 2023), theoretical (Wakeley
et al. 2012; Severson, Carmi, and Rosenberg 2021) and empir-
ical (Pemberton 2008; Chen et al. 2019) population genetics,
statistical genetics (Thompson 2000; The U.S.-Venezuela
Collaborative Research Project & Wexler 2004), wildlife
biology (vonHoldt et al. 2008; Galla et al. 2021), and the mathe-
matical population biology of genealogies themselves (Derrida,
Manrubia, and Zanette 2000; Lachance 2009). In the context
of human history, features of genealogies contribute to under-
standing the events of recent generations and the relationship
of modern descendants to those events. Our focus is on this
phenomenon, in which major demographic events occurred in
the recent past, and the genealogical connections of descendants
to those events are of interest. If precise genealogical information
has been lost, then a significant role can exist for a mathematical
model to approximate features of unknown genealogies (Chang
1999; Rohde, Olson, and Chang 2004; Mooney et al. 2023).

What is the probability that two descendants of a group
of individuals who experienced an event some time in the
past share at least one ancestor in the group? Numerical
computations concerning the relationship of descendants to a
past demographic event help provide context for the impact
of the event, accounting for the size of the population that
experienced it, the time elapsed, and features of the modern
population.

Consider an event that occurred some time ago, in which
an estimated N individuals participated. Suppose that a descen-
dant has an estimated k") ancestors, not necessarily distinct,
who participated in the event, and that another descendant has
an estimated k® ancestors, not necessarily distinct, who also
participated. The probability that the two descendants share an
ancestor who participated in the event can be obtained by use of
the ditype birthday problem. In the birthday problem analogy,
each of the k) ancestors is analogous to a birthday of a person
in subgroup 1, and each of the k® ancestors is analogous to a
birthday of a person in subgroup 2. The N potential ancestors
are analogous to the days of the year that could potentially be
a person’s birthday. The probability of a shared ancestor who
participated in the event is obtained from (3), or (2) if the k(V
ancestors are all assumed to be distinct from one another, and
the k® ancestors are also all assumed to be distinct from one
another.

3. African Ancestors in the Transatlantic Slave Trade

Relying on calibrations from genetic data, we have been study-
ing genealogical models of the relationship of descendant
members of the African-American population of the United
States to the Transatlantic Slave Trade (Mooney et al. 2023;
Agranat-Tamir, Mooney, and Rosenberg 2024). Our models fol-
low the basic structure of African-American demographic his-
tory (Berlin 2010; Eltis and Richardson 2010; Franklin and Hig-
ginbotham 2021), beginning with the traditional 1619 start date
for the transport of enslaved African captives to the predecessor
colonies of the United States. Over the duration of the Transat-
lantic Slave Trade, 400,000-500,000 enslaved Africans were
transported to the United States and antecedent colonies (Eltis
and Richardson 2010; Hacker 2020). Prior to the onset of sub-
stantial African immigration to the United States after 1965, the
genetic ancestry of modern African-Americans traced largely
to these enslaved Africans and to genetic admixture with Euro-
peans and European-Americans, with offspring of a pair con-
taining an African or African-American and a European or
European-American generally regarded as African-American in
most circumstances.

Tracing a genealogy of an African-American descendant
backward in time from the present, each lineage eventually
reaches a person from an ancestral source population for
African-Americans—an African, or a European or European-
American. Genetic studies have analyzed the genetic admixture
of the population, estimating continent-level values at 75%-85%
for African ancestry and 15%-25% for European ancestry (e.g.,
Bryc et al. 2015; Baharian et al. 2016; Micheletti et al. 2020).
Hence, with other possible ancestries excluded, each lineage
traced back from an African-American descendant reaches an
African or a European or European-American who lived some
time since 1619.

Using a mathematical model of African-American ances-
try grounded in genetics and historical demography, we have
estimated that for a randomly chosen African-American born
during 1960-1965, if the genealogical lineages of that person are
traced back to individuals originating in the African and Euro-
pean source populations, then the mean number of genealogical
lines terminating with African individuals born prior to the
end of slavery in 1865 is 313, and the mean number reaching
Europeans or European-Americans is 51 (Table 1; Mooney et al.
2023; Agranat-Tamir, Mooney, and Rosenberg 2024). These
numbers have historically meaningful interpretations. Because
most Africans arriving in the United States and antecedent
colonies prior to 1865 were forcibly transported, the number of
African ancestors can be interpreted as an approximation of the
number of a person’s genealogical ancestors who were enslaved
captives transported from Africa. The number of European or
European-American ancestors can be interpreted as the number
of separate admixture events in an individual genealogy—the
number of mating pairs in a person’s ancestry in which one
parent was a European or European-American and the other was
an African or African-American.

If an African-American born during 1960-1965 has 313
African genealogical lines tracing to forcibly transported
enslaved captives, if all those lines represent distinct people, and
if the total number of transported enslaved persons during the



Transatlantic Slave Trade was 450,000, then a single random
person’s genealogy contains a nontrivial fraction of all such
captives, 313/450, 000 ~ 6.96 x 104, Asaresult, the probability
that two randomly chosen genealogies share at least one African
ancestor in common is also nontrivial.

We use the birthday problem to evaluate the probability that
two randomly chosen African-Americans born during 1960-
1965 possess at least one forcibly transported enslaved ancestor
in common; in using the birthday problem to calculate the prob-
ability that two descendants share an ancestor who experienced
a historical event, the “event” is the Transatlantic Slave Trade.
In the birthday problem, each day of the year has the same
probability to be the birthday of a person chosen at random.
Hence, in our framework, each potential enslaved ancestor is
initially treated as having the same probability to occur in a
genealogy. To achieve randomness of ancestry among trans-
ported Africans, the problem considers two randomly chosen
African-Americans whose African ancestors can be regarded as
randomly drawn among potential ancestors.

The sequence of African-American migrations within the
United States (Lemann 1991; Berlin 2010; Wilkerson 2010)
contributes to our assumptions concerning the randomness of
ancestors. During the slavery period, the legal sale of enslaved
persons and the mobility of the enslavers who held them as prop-
erty produced considerable migration of African-Americans
within the United States. At the end of slavery in 1865, the
African-American population was concentrated in southern
states, after which the Great Migration of 1900-1970 brought
large numbers of African-Americans north and west. A descen-
dant of this migration born during 1960-1965 is likely to possess
ancestors from multiple places in the southern states, ancestors
who in turn likely descend from substantial earlier migration
within those states. Hence, we approximate that we can regard
such a person as drawing ancestors randomly from the ~450,000
transported Africans.

As one example, the first lady Michelle Obama was born
in 1964 in the northern city of Chicago, with parents who
had lived in Chicago, and grandparents and great-grandparents
who had moved there during the Great Migration (Swarns
2012). A genealogical investigation of her ancestors found that
the ancestors who arrived in Chicago and their own recent
ancestors had lived in most of the states in which the African-
American population had been concentrated: Alabama, Geor-
gia, Kentucky, Louisiana, Mississippi, Missouri, North Carolina,
South Carolina, Tennessee, and Virginia, as well as in southern
Mlinois.

Much information about individual African-American
genealogies has been lost beyond a few generations in the
past (Gates 2009; Swarns 2012; Nelson 2016), as family
structures of enslaved persons were generally not recorded in
legal documents, and oral histories often were not transmitted
within families by the formerly enslaved in the immediate
period after the end of slavery. Mathematical models hence
have the potential to recover otherwise unavailable features
of these genealogies. Use of the birthday problem to assess
the probability that two African-Americans share at least
one enslaved ancestor can therefore contribute to deeper
understanding of relatedness and genealogical history in the
African-American population.
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4, Results

We now evaluate the probability that two modern African-
American individuals share at least one ancestor who experi-
enced the Transatlantic Slave Trade. We rely on estimates from
the mathematical model of Mooney et al. (2023) of the number
of African ancestors for a randomly sampled African-American.
We use estimates of the number of transported enslaved captives
from the demographic analysis of Hacker (2020).

4.1. AnInitial Calculation

In the simplest calculation, we can compute (2) or (3) using
our estimate that a typical African-American has a mean of 313
African genealogical ancestors born 1860-1865 or earlier. Our
estimation in Mooney et al. (2023) did not assume that those
ancestors were distinct, so that (3) provides a more appropriate
calculation. We follow the demographic estimates of Table 1
of Hacker (2020), summing entries in columns 8 (“number
imported”) and 9 (“additional number smuggled”) to estimate
the total number of transported enslaved captives through 1865
at 463,098 (note that we sum the columns of Hacker (2020)
ourselves, as the column-8 total reported by Hacker (2020) does
not equal the sum of the numbers in the column).

Using kU = k@ = 313 and N = 463,098, we obtain
P[B] = 0.1907 for the desired probability according to (3),
P[B] = 0.1908 according to (2) under the assumption that the
k™ ancestors were distinct from one another, and that the k?
ancestors were also distinct from one another. In other words,
with probability ~19%, two African-Americans born in 1960-
1965 possess at least one shared enslaved migrant ancestor.

4.2. Male and Female Ancestors Distinguished

In the next calculation, we distinguish between male and female
ancestors. Denoting the event of sharing at least one male ances-
tor by B and the event of sharing at least one female ancestor
by BY), the event that at least one ancestor, male or female, is
shared, is B = B™ U BY). In the simplest approach, we suppose
that the k) = k® African ancestors of a descendant are equally
divided between males and females. We also suppose that the
possible ancestors follow the estimated overall slave trade sex
ratio of r = 2 males to every female (Felipe-Gonzalez 2024), so
that the N = 463,098 transported individuals include 308,732
males and 154,366 females. Finally, we suppose that events B(™
and BY) are independent.

For males, with (3), we use k') = k® = 157, assigning the
remainder of 313/2 to be male rather than female to produce
a conservative estimate of the probability of at least one shared
ancestor, and N,, = 308,732. We obtain P[B™] =~ 0.0767.
Similarly, for females, using kX = k® = 156 and Ny =
154,366, we have P[BY)] ~ 0.1459. We then obtain

P[B] = P[B™] + P[B] — P[B™]P[B] ~ 0.2114. (4)

When we instead use (2), assuming that the male ancestors are
distinct from one another and the female ancestors are distinct
from one another, we obtain P[B™] ~ 0.0768, P[B)] =~
0.1460, and P[B] ~ 0.2116.
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Note that if we do not suppose that B and BY) are inde-
pendent, then we still have bounds P[BP] < P[B] < P[B™] +
]P’[B(f)], so that 0.1459 < PP[B] < 0.2226 with (3), or 0.1460 <
P[B] < 0.2228 with (2).

4.3. Generation-Specific Ancestors

The most important distinction of the African- American shared
ancestry problem from the classic birthday problem is that the
Transatlantic Slave Trade lasted many generations, so that the
463,098 potential ancestors do not all have the same probability
of being sampled as an ancestor in a genealogy. Our genealogical
model of Mooney et al. (2023) provides an approach for address-
ing this aspect of the population history.

Table 1 summarizes estimates from our discrete-time model
of Mooney et al. (2023), in which we estimated the mean num-
ber of African genealogical ancestors possessed by an African-
American descendant in each of a discrete series of 25-year
generations. Let By denote the event that an African ancestor
who was born in generation £ is shared by two descendants,
where 0 < £ < g. The event that at least one ancestor is shared

. L -1 .
by two descendants in some generation is B = U‘ZZOBg. Treating
the event of a shared ancestor in generation ¢ as independent

of the event of a shared ancestor in generation j # ¢, by De
Morgan’s laws, we have

g1 c g1
P[B] = IP[( N B;) } =1-]](1-PBe).

£=0 £=0
Each P[B¢] can be calculated according to (3) or (2). Because
most transported captives were adults at the time of transporta-
tion (Eltis and Engerman 1992, 1993), the first birth cohort that
we assume not to have included transported enslaved migrants
is generation g = 10. For generations £ from 0 to 9, we round the
“African” column of Table 1 to obtain an integer for the number
of African ancestors born in the generation—the classroom sizes

(5)

kél) = kf) in the birthday problem—reporting this value in
Table 2.

We divide the N = 463, 098 total African ancestors across the
generations by use of tabulations of Hacker (2020). Again taking
into account that most transported captives were adults (Eltis
and Engerman 1992, 1993) who can be modeled as young adults
at reproductive age (McClelland and Zeckhauser 1982, p. 48),
transportation is assumed to have taken place one generation
later than the birth generation. The total number of enslaved
captives in a generation is obtained from counts reported in 10-
year cohorts by Table 1 of Hacker (2020), summing the count

Table 1. Features of African, European/European-American, and African-American genealogical ancestors for an African-American born in 1960-1965.

Mean number of genealogical ancestors

Generation Birth year African European/European-American African-American
0 1610-1615 0.14 0 0

1 1635-1640 4.25 0.32 0.07
2 1660-1665 14.27 1.28 232
3 1685-1690 52.70 498 8.93
4 1710-1715 119.90 12.98 33.30
5 1735-1740 96.76 16.01 83.09
6 1760-1765 16.18 10.67 97.93
7 1785-1790 4.10 238 62.39
8 1810-1815 231 1.33 34.43
9 1835-1840 1.31 0.75 19.04
10 1860-1865 0.94 0.19 10.55
1 1885-1890 0.53 0.10 5.84
12 1910-1915 0.30 0.06 3.24
13 1935-1940 0.17 0.03 1.80
Total 1610-1940 313.86 51.08 362.93

NOTE: Estimates of the mean number of genealogical ancestors are taken from Tables 1 and 4 of Agranat-Tamir, Mooney, and Rosenberg (2024) based on the model of

Mooney et al. (2023).

Table 2. Integer values used for birthday problem computations of the probability of a shared enslaved migrant ancestor for two African-Americans born during 1960-1965.

Mean number of African
genealogical ancestors

Number of
potential ancestors

Birth year (“classroom size”) Transportation (“days in the year”)
Generation of ancestor Total Male Female year of ancestor Total Male Female
0 1590-1615 0 0 0 1615-1640 292 176 116
1 1615-1640 4 2 2 1640-1665 3155 1902 1253
2 1640-1665 14 7 7 1665-1690 10,048 6059 3989
3 1665-1690 53 27 26 1690-1715 33,450 21,114 12,336
4 1690-1715 120 60 60 1715-1740 116,817 75,931 40,886
5 1715-1740 97 49 48 1740-1765 100,952 65,619 35,333
6 1740-1765 16 8 8 1765-1790 96,012 62,408 33,604
7 1765-1790 4 2 2 1790-1815 96,155 63,751 32,404
8 1790-1815 2 1 1 1815-1840 5104 3649 1455
9 1815-1840 1 1 0 1840-1865 1113 796 317
Total 1590-1840 3N 157 154 1615-1865 463,098 301,405 161,693

NOTE: The mean number of African genealogical ancestors is rounded from Table 1 and divided equally between males and females, rounding up for males and down for
females. The number of potential ancestors is based on counts of transported individuals from Hacker (2020) and sex ratios from Eltis and Engerman (1993).



(sum of “imported” in column 8 and “smuggled” in column
9) for two 10-year cohorts covered in the 25-year period and
half that of the third cohort spanned by the 25-year period.
Remainders from taking half an odd number of individuals
are assigned to the earlier generation. All transported captives
from 1610 to 1620 are counted in the 1615-1640 transportation
cohort, and all transported captives after 1860 are assigned to
the 1840-1865 transportation cohort. We report the values of
the numbers of potential ancestors in Table 2.

With this approach, using (3) to calculate P[B,], (5) gives
P[B] = 0.2807. Using (2) instead, (5) gives P[B] =~ 0.2810.
Table 3 reports the estimates of P[B,], the probabilities for each
generation of at least one shared ancestor born in that genera-
tion. The probabilities are highest in relatively early generations.

4.4. Generation-Specific Ancestors; Male and Female
Ancestors Distinguished

Next, we proceed using both generation-specific and sex-specific
ancestors. The genealogical ancestors in Table 2 are divided

Table 3. Probability of at least one shared enslaved migrant African ancestor for two
African-Americans born during 1960-1965, with generation-specific computations.

Birth year

Generation (£) of ancestor P[B¢], (2) P[B,], (3)
0 1590-1615 0 0

1 1615-1640 0.0051 0.0051
2 1640-1665 0.0193 0.0193
3 1665-1690 0.0807 0.0805
4 1690-1715 0.1161 0.1160
5 1715-1740 0.0891 0.0890
6 1740-1765 0.0027 0.0027
7 1765-1790 0.0002 0.0002
8 1790-1815 0.0008 0.0008
9 1815-1840 0.0009 0.0009

P[B] P[B]

Total 1590-1840 0.2810 0.2807

NOTE: Values of k1 = k@ in birthday problem computations are taken from the
generation-wise total mean number of African genealogical ancestors in Table 2,
considering the generation-wise total number of potential ancestors in Table 2.
These values are then used in (2) or (3). The total probability of at least one
shared ancestor across all generations is computed by combining across rows to
calculate (5).
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evenly between males and females, assigning remainders of 0.5
to be male rather than female, again in order to conservatively
estimate the probability of a shared ancestor.

To obtain the total generation-wise numbers of male and
female potential ancestors, we begin with the generation-wise
estimates of the number of potential ancestors Ny in Table 2.
We use sex ratios reported for different slave trade periods, as
tabulated in Table 1 of Eltis and Engerman (1993). The number
of males N ém) is obtained by multiplying the total number of
individuals Ny by constants c;¢ = 0.603 for transportation
in 1700 or earlier, ;7 = 0.650 for transportation during
1701-1809, and ¢;3 = 0.715 for transportation during 1810-
1865 (Eltis and Engerman 1993, Table 1), rounding fractional

values of Ném) and ngf ) up if they are greater than or equal
to 0.5 and down otherwise, in the standard manner; we use
0.4c16 + 0.6¢17 for the 1690-1715 transportation cohort and
0.8¢17 + 0.2¢15 for the 1790-1815 cohort.

Each }P’[Bém)] and IP’[BE’() ] is then calculated from (2) or (3)
and inserted into (4) to calculate P[B;]. Total values of P[B™™],
P[BY)], and IP[B] are then calculated by (5) from the generation-
wise values.

Table 4 reports the estimates. We see that, as in the case
of no distinction between male and female generation-specific
ancestors (Table 3), the probability is nontrivial that at least one
shared ancestor exists in each of generations 3, 4, and 5 and,
to some extent, in generation 2. In other words, the probability
of sharing an enslaved African ancestor is highest for ancestors
born from 1640 to 1740.

The probabilities are nontrivial in generations 2-5 for sharing
either a male or a female ancestor, but the sex-specific proba-
bilities are also nontrivial. The probability of sharing a female
ancestor exceeds that of sharing a male ancestor, owing to the
fact that the number of imported enslaved males exceeds that
for females, so that female ancestors are selected from a smaller
pool of individuals. The unequal sex ratio leads to greater prob-
abilities of sharing some ancestor when distinguishing between
males and females than in the case that males and females are
not distinguished (Table 3).

Table 4. Probability of at least one shared enslaved migrant African ancestor for two African-Americans born during 1960-1965, with generation-specific and sex-specific

computations.

Birth year Using (2) Using (3)

Generation (¢) of ancestor P[8{™] P8 P[B,] P[8{™] 1 P(B,]
0 1590-1615 0 0 0 0 0 0

1 1615-1640 0.0021 0.0032 0.0053 0.0021 0.0032 0.0053
2 1640-1665 0.0081 0.0122 0.0202 0.0081 0.0122 0.0202
3 1665-1690 0.0340 0.0534 0.0856 0.0339 0.0533 0.0855
4 1690-1715 0.0463 0.0844 0.1268 0.0463 0.0843 0.1267
5 1715-1740 0.0360 0.0632 0.0969 0.0359 0.0631 0.0968
6 1740-1765 0.0010 0.0019 0.0029 0.0010 0.0019 0.0029
7 1765-1790 0.0001 0.0001 0.0002 0.0001 0.0001 0.0002
8 1790-1815 0.0003 0.0007 0.0010 0.0003 0.0007 0.0010
9 1815-1840 0.0013 0 0.0013 0.0013 0 0.0013

P[B™)] P8 P(8] PB™] P P[B]

Total 1590-1840 0.1232 0.2028 03010 0.1231 0.2025 0.3006

NOTE: Values of k" = k@ in birthday problem computations are taken from the generation-wise male and female numbers of African genealogical ancestors in Table 2,

considering the generation-wise male and female numbers of potential ancestors in Table 2. They are then used in (2) or (3) to obtain IF’[BEm)] and IP’[BE“]; P[B,]is
obtained generation-wise by (4). The total probability is computed by combining across rows to calculate (5).
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4.5. Incorporating Uncertainty

The estimated mean numbers of African, European/European-
American, and African-American genealogical ancestors in
Table 1 represent mean values across 45,189 model parameter
sets determined by Mooney et al. (2023) to be compatible with
certain features of African-American genetic variation (mean
African genetic ancestry 75%-85%, standard deviation 8%-15%
across individuals). In this section, we return to those parameter
sets (available in the supplementary data file for Agranat-Tamir,
Mooney, and Rosenberg (2024)).

Each of the 45,189 parameter sets produces its own values
of the mean number of African genealogical ancestors k (Fig-
ure 1(C)) and the numbers of genealogical ancestors k; in each
generation £. For each parameter set, we estimate the number
of genealogical ancestors following the methods of Sections 4.3
and 4.4.

Figure 1 shows the distribution across the parameter sets
of the probability of at least one shared ancestor, based on the
expected value of the number of African genealogical ancestors
calculated for each parameter set (Figure 1(C)). In Figure 1(A),
using (2), pooling male and female ancestors together, the mean
across the parameter sets of the probability is 0.2903, exceeding
0.2810, the probability calculated in Table 3 from the mean num-
ber of ancestors across the parameter sets, without taking the

individual parameter sets themselves into account. The median
is 0.2609, and the distribution has a wide range, from 0.0438
to 0.8193, with interquartile range 0.1711-0.3848. When using
(3), the results are similar: mean 0.2900, median 0.2606, range
0.0438-0.8184, and interquartile range 0.1709-0.3844.

When distinguishing male and female ancestors in Fig-
ure 1(B), using (2), as in the analyses that do not consider indi-
vidual parameter sets, the mean probability across parameter
sets is higher than when not distinguishing male and female
ancestors, equaling 0.3091. It also slightly exceeds the value
obtained without considering individual parameter sets, 0.3010,
as calculated in Table 4. The median is 0.2796, the range is 0.0476
to 0.8436, and the interquartile range is 0.1842 to 0.4094. Using
(3), the results are similar: mean 0.3088, median 0.2793, range
0.0476 to 0.8427, and interquartile range 0.1840 to 0.4089.

Figure 2(A) shows the distribution across the parameter
sets of the probability of at least one shared ancestor for each
generation 1-9. Because calculations according to (2) and (3)
are similar in Figure 1, we proceed using only one of these
equations, namely (3). In Figure 2(A), showing the distributions
of the probabilities when we do not distinguish between male
and female ancestors, the generation-wise means are 0.0070,
0.0234, 0.0873, 0.1243, 0.0942, 0.0029, 0.0003, 0.0015, 0.0024
for generations 1 to 9, respectively. As in Figure 1, the means
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Figure 1. Distribution across demographic parameter sets of the probability of at least one shared ancestor for a pair of African-Americans born in the 1960-1965 cohort. (A)
Distribution computed using (5) as in Table 3, without taking into account a distinction between males and females. (B) Distribution computed using (5) and (4) asin Table 4,
taking into account a distinction between males and females. (C) Distribution of the expected number of African ancestors across the 45,189 demographic parameter sets

used in the computations of panels (A) and (B) (modified from Mooney et al. 2023).
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exceed those obtained in Table 3 without taking into account
the parameter sets. All distributions are right-skewed, with wide
ranges particularly for generations with large values for the
mean.

Distinguishing male and female ancestors, Figure 2(B) shows
the distribution across parameter sets of the generation-wise
probability of a shared ancestor. The patterns are similar to
Figure 2(A), with slightly greater values: 0.0071, 0.0242, 0.0940,
0.1351, 0.1026, 0.0031, 0.0003, 0.0018, and 0.0028 for genera-
tions 1-9.

5. Discussion

We have studied the probability that two descendants share at
least one ancestor from a larger collection of ancestors, treating
the problem as an instance of the birthday problem. Using the
birthday problem together with increasingly detailed assump-
tions about the demography of the African-American popula-
tion, we have evaluated the probability that two randomly cho-
sen African-Americans born in the years 1960-1965 possess at
least one shared ancestor among Africans transported to North
America. We estimate this probability at 19%-31%, with more
detailed models producing values near the higher end of this
range (Table 5).

5.1. Interpretation for African-American Genealogies

The analysis finds a relatively high probability that a pair of
African-Americans share at least one African ancestor among
individuals transported to North America during the slavery
era—reminiscent of the relatively high probability of a shared
birthday among students in a classroom. All the models place
this quantity above 10%, and those that most carefully consider
the population history estimate it near 30%.

We can comment on two features of likely shared ancestors.
First, when we consider males and females separately, the proba-
bility of at least one shared female ancestor substantially exceeds
the probability of at least one shared male ancestor (Table 5).
This result traces to the fact that the number of transported
males exceeded the number of transported females (Eltis and
Engerman 1992, 1993), so that the number of “days of the

Table 5. Summary of estimates.

Probability of at least
one shared ancestor

Method Male Female Any

Section 4.1, (2) - - 0.1908
Section 4.1, (3) - - 0.1907
Section 4.2, (2), (4) 0.0768 0.1460 0.2116
Section 4.2, (3), (4) 0.0767 0.1459 0.2114
Section 4.3, (2), (5) - - 0.2810
Section 4.3, (3), (5) - - 0.2807
Section 4.4, (2), (4), (5) 0.1232 0.2028 0.3010
Section 4.4, (3)-(5) 0.1231 0.2025 0.3006
Section 4.5, (2), (4), (5) 0.1335 0.2139 0.3091
Section 4.5, (3)-(5) 0.1334 0.2136 0.3088

NOTE: Each row estimates the probability that two African-Americans born in 1960—
1965 share at least one enslaved African migrant ancestor, according to several
different birthday problem computations.
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year” is smaller for females than for males, leading to a higher
probability of a “shared birthday”

Second, the probability of at least one shared ancestor is
greatest in generations 2-5, covering birth cohorts from 1640
to 1740, with the highest probability occurring in generation
4, the 1690-1715 birth cohort (Tables 3 and 4, Figure 2). The
probability of at least one shared ancestor is low both in the
earliest generations 0-1, representing births prior to 1640, and
in the later generations 6-9, corresponding to births from 1740
to 1840. These patterns can be understood in relation to the
estimated mean number of African genealogical ancestors in a
genealogy (Mooney et al. 2023) and the size of the transported
population (Table 2).

A typical genealogy has few transported African ancestors
in the earliest generations 0 and 1 (born 1590-1640), so that
the probability that two individuals share an ancestor in those
generations is small. In generations 4 and 5 (1690-1740), the
number of transported Africans in a genealogy is large, so that
the probability of a shared ancestor is high. Generation 3 has
fewer transported African ancestors in a genealogy, but the
transported population size is also smaller than in generations
4 and 5, so that the probability of at least one shared ancestor
is comparable. In generations 6 and 7 (1740-1790), the trans-
ported population size is high, but the “classroom size” is smaller,
so that the probability of a shared ancestor drops precipitously. It
increases slightly in generations 8 and 9, which have lower values
for the transported population size.

The results can be understood with a specific example. A
discovery of shared ancestors is described in the book The
272, about 272 enslaved people whose sale from Maryland to
Louisiana in 1838 by a branch of the Catholic church contributed
to the financial support of Georgetown University (Swarns
2023). Living descendants Melissa Kemp, a biologist and PhD
graduate of our Stanford department, and Jeremy Alexander,
an employee of Georgetown University, discover that they have
shared enslaved ancestors Harry Mahoney (born ~1771) and
Anna Mahoney (born ~1775)—and an earlier shared ancestor
Ann Joice, born free in 1660, likely to an unknown African
mother and European father, and eventually enslaved in Mary-
land. One child of Harry and Anna Mahoney, Anna Mahoney
Jones, born around 1811, is an ancestor of Jeremy Alexander and
was among “the 272 Her sister, Louisa Mahoney Mason, born
in 1812, is an ancestor of Melissa Kemp; she escaped the sale and
remained in Maryland.

The implication of our computations is that perhaps 19-
31% of pairs of African-Americans from the 1960 to 1965
age cohort—even if they are unaware of any genealogi-
cal relationship—are similar to (somewhat younger) Jeremy
Alexander and Melissa Kemp in having a shared ancestor such as
Ann Joice. Like in this example, it is perhaps a female ancestor,
and a person born between 1640 and 1740. For most pairs of
living African-Americans, the existence of the shared ancestor
can only be probabilistically postulated, rather than identified
as a named person. Indeed, even in this comparatively well-
documented case of descendants of Ann Joice—who was born
in Barbados and transported to England and then to Maryland
as an indentured servant—the shared African-born ancestor
is the mother of Ann Joice, a person whose name has been
lost.
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5.2. Differences Among Different Methods

We have considered several versions of the birthday problem.
Equation (2) assumes that the k ancestors of a person, repre-
senting the “classroom” in the birthday problem, are distinct
individuals; equation (3) does not require these individuals to
be distinct. Owing to this difference, numerical calculations
according to (2) are predicted to give greater estimates of the
probability of at least one shared ancestor than (3). Although this
prediction is satisfied in our analyses (Tables 3-5), the difference
between the two computations is generally negligible. Scenarios
in which the African genealogical ancestors in a genealogy
include many repeated individuals are unusual, and they have
little effect on the overall probability.

When we consider a temporal model that accounts for the
fact that later African entrants to the African-American popu-
lation arrived in a population that already included descendants
of earlier such entrants, the probabilities of at least one shared
ancestor produce larger values (Table 5). This result is explained
by a distribution of African ancestors across the generations
that differs from the corresponding distribution of the potential
ancestors. Generations 3-5 contribute 87% of African ancestors
(Table 2), but only 54% of potential ancestors. The probabilities
of shared ancestors in these generations exceed those that would
be obtained if the distributions were identical. The generation-
specific computation uses a more detailed model and may rep-
resent a more accurate estimate.

Similarly, distinguishing between males and females among
the potential African ancestors leads to a greater probability of at
least one shared ancestor, owing to the substantially smaller pool
of African females than African males among potential ances-
tors (Table 5). The effect of distinguishing males and females
in increasing the probability of at least one shared ancestor is
smaller than that of separating ancestors by generation; the two
effects combine to increase the probability from ~19% to ~31%.

5.3. Limitations of the African-American History Model

In using the birthday problem to evaluate the probability that
a pair of African-American descendants possess at least one
shared transported enslaved ancestor, we have made several
assumptions that may affect the value of the estimated prob-
ability and its meaning. First, the calculation via the birthday
problem assumes that each potential ancestor in a specified
category—by cohort, by sex, or both—is equiprobable as an
actual ancestor. This assumption disregards variation over geo-
graphic space in the population of potential ancestors, which
could produce systematic variation in the probability that a par-
ticular potential ancestor appears in the genealogy of a randomly
chosen descendant. However, the sequences of migrations that
have occurred among descendants of transported captives—
south and west during slavery, and then north and further west
during the Great Migration, for example—have reduced this
structuring. Our model using the birthday problem gives an
approximation that can be deepened by further considering
the detailed history of this structure. For example, with careful
genealogical analysis, census records of the formerly enslaved
could provide probability distributions of the geographic loca-
tions of enslaved ancestors given the location of a modern

descendant, and of the locations of descendants given that of an
ancestor; the latter computation may also be feasible for DNA
from burials of enslaved individuals (Harney et al. 2023).

Second, although we have considered randomness in choos-
ing actual ancestors from among potential ancestors, we have
omitted other sources of randomness. For example, our calcu-
lations of the probability of repeated ancestors in the genealogy
considered only the expected number of African ancestors given
model parameters, rather than full distributions of genealogies
for random pairs of descendants, conditional on the demo-
graphic model. Further, in our generation-specific analyses with
(5), we have treated the probability of a shared ancestor in
one specific generation to be independent of the corresponding
probability for other generations. With additional uncertainty
considered, potentially involving simulations of entire pedi-
grees rather than birthday-problem calculations, estimates of the
probability of at least one shared transported ancestor might
extend outside the range of 19%-31%.

Third, we have treated the probability of at least one shared
transported African ancestor as interchangeable with the prob-
ability of at least one transported enslaved African ancestor.
The estimation of the count of potential ancestors based on
Hacker (2020) (the “number of days in the year” in the birthday
problem) focuses on transported enslaved ancestors, so that the
potential ancestors in our computations are enslaved ancestors.
As is illustrated in the story of Ann Joice, some transported
African individuals were not enslaved at the time of trans-
portation. Adding non-enslaved African arrivals to counts of
potential ancestors would enlarge the pool of potential ances-
tors, decreasing the birthday-problem probability of at least one
shared ancestor. However, the size of the group of Africans
arriving as non-enslaved was small. For example, in the earliest
United States censuses, enslaved individuals greatly outnum-
bered the relatively few free African-Americans; further, free
individuals generally were not new free arrivals, and instead
were freed descendants of African ancestors who were originally
transported as enslaved (and who are already tabulated in our
pool of potential ancestors).

In general, model limitations trace to the profound loss of
genealogical information that resulted from the practices of the
slavery era. We can compare the African-American setting to
that of populations known for extensive genealogical record-
keeping—French Canadians (Anderson-Trocmé et al. 2023),
Icelanders (Helgason et al. 2003), and Italians (Cavalli-Sforza,
Moroni, and Zei 2004), for example—in which genealogical
modeling efforts have potential to directly measure features
of family structure, such as the distribution of the number
of offspring in families and the ages of parents at the birth
of their offspring. By contrast, African-American genealogical
studies (Gates 2009; Swarns 2012; Nelson 2016) discuss many
factors that have contributed to the loss of such genealogical
data: failure to record enslaved persons by name in official
records; regular sundering of families by enslavers, separating
enslaved individuals from their forebears and hence from the
genealogical information known to older family members; illit-
eracy among the enslaved, often due to significant personal
risk required to learn to read, limiting their potential to record
genealogical data themselves; and a reticence of the newly freed
to discuss the period of enslavement, and by consequence, to



transmit genealogical information. Our reliance on assumptions
such as a general uniformity of age at transportation and age at
the birth of offspring trace to the lack of a documentary record,
and it is meaningful that our multiple approaches to the birthday
problem calculation produce results of comparable magnitude.
A benefit of our calculations, building on previous studies that
have incorporated slave trade data and modern genetic data to
construct quantitative historical models (Mooney et al. 2023;
Agranat-Tamir, Mooney, and Rosenberg 2024), is that they can
probabilistically recover aspects of lost genealogies in aggregate.

Finally, we note that the ancestors considered in our birthday
problem calculations are transported ancestors, and we do not
examine the probability of a shared ancestor in the generations
that precede a transported person in a pedigree. In addition, we
have focused on the birthday problem for shared genealogical
rather than genetic ancestors. Tracing back from the present,
owing to features of the mechanism of genetic descent via
finite segments of DNA, not every genealogical ancestor of a
person is a genetic ancestor. By incorporating a model of the
declining probability back in time that a genealogical ancestor
is a genetic ancestor (Agranat-Tamir, Mooney, and Rosenberg
2024), a birthday-problem analysis similar to our genealogical
analysis could be posed about genetic ancestors. With such a
model, the birthday-problem probability of a shared genetic
ancestor would be bounded above by the corresponding prob-
ability of a shared genealogical ancestor.

5.4. Conclusions

In this study, we have used the birthday problem of probability
and statistics to understand the properties of genealogies, with
ancestors viewed as students in a classroom and potential ances-
tors viewed as the days of the year. The analogy has contributed
to illuminating features of the demographic history of the United
States, by analysis of a demographic model of African-American
genealogies.

A frequent formulation of the birthday problem asks for the
minimum classroom size for the probability to exceed % that
two people in the class have a shared birthday. With (2) and
the African-American population, the probability of at least one
shared ancestor in the slavery period exceeds % if the number
of African ancestors k in a genealogy satisfies k > 567. As
k > 300 for the mean number of African genealogical ancestors
for descendants born in the 1960-1965 cohort, a value exceeding
567 is achieved one generation forward, for African-Americans
born to two parents from the 1960-1965 cohort—who can be
expected to have close to twice as many African ancestors as
each parent. Hence, replacing N = 365 and k = 23 with N =
463,098 and k = 567, in pairs of African-American descendants
born around 1990 to African-American parents born in the
early 1960s, a “shared birthday” exists in their genealogies with
probability above %

In an incident that took place on the 1620 voyage of the
Mayflower from England to what is now Massachusetts, a pas-
senger John Howland fell overboard and was fortuitously res-
cued (Philbrick 2006, p. 32). This event is well-remembered for
its genealogical implications, as Howland went on to have 10
children, 88 grandchildren, and possibly millions of eventual
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descendants in total, so that 400 years later, a nontrivial fraction
of pairs of individuals in the United States may have him as
a shared ancestor in their pedigrees. The high probability of
at least one shared transported ancestor for pairs of African-
Americans suggests that there might exist analogous and sim-
ilarly unlikely ancestors who would appear in thousands or
millions of African-American pedigrees, were such pedigrees
possible to reconstruct.
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