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AN nTH-COUSIN MATING MODEL AND THE n-ANACCI NUMBERS

ELISA HEINRICH MORA "= AND NOAH A. ROSENBERG

ABSTRACT. In seeking to understand the size of inbred pedigrees, J. Lachance (J. Theor:
Biol. 261, 238-247, 2009) studied a population model in which, for a fixed value
of n, each mating occurs between nth cousins. We explain a connection between
the second-cousin case of the model (n = 2) and the Fibonacci sequence, and more
generally, between the nth-cousin case and the m-anacci sequence (n > 2). For a
model with nth-cousin mating (n > 1), we obtain the generating function describing
the size of the pedigree ¢ generations back from the present—tabulating the numbers of
lineal genealogical ancestors in specified generations—and we use it to evaluate the as-
ymptotic growth of the pedigree size. In particular, we show that the pedigree growth
rate asymptotically follows the growth rate of the n-anacci sequence, and in particular,
the golden ratio ¢ = (1 4 +/5)/2 ~ 1.61803 for second-cousin mating n = 2, the
tribonacci growth constant 1.83928... for third-cousin mating n = 3, and the tetranacci
growth constant 1.92756... for fourth-cousin mating n = 4. The growth rate approaches
2 as n increases. The computations explain the appearance of familiar numerical se-
quences and constants in a pedigree model. They also recall similar appearances of such
sequences and constants in studies of population biology more generally.

Keyworps. Fibonacci sequence; generating functions; genetics; tribonacci sequence

1. INTRODUCTION

In organisms in which individuals possess two parents, the biparental genealogy of
an individual—the pedigree—can be treated as a mathematical structure. Pedigrees as
mathematical structures provide the basis for a variety of applications in demography,
genealogical studies, and genetics. They contribute to understanding the level of rela-
tionship of individuals in a population, the genealogical history of populations, the time
to the most recent common ancestor of a set of individuals, and aspects of individual
genotypes and phenotypes [1, 5, 8, 9, 16, 18, 19, 20].

In one example of a mathematical study of pedigrees, Lachance [13] examined a
discrete-time model in which, for a fixed value of n, each mating in a population occurs
between nth cousins. Lachance considered an individual member of the population,
counting the number of distinct direct lineal genealogical ancestors that the individual
possesses ¢ generations back in time. In generations ¢ = 1,2,...,n + 1, the number
of ancestors is 2!. However, because of the nth-cousin matings, starting in generation
t = n + 2, some ancestors are ancestors via multiple paths in the pedigree, so that dis-
tinct genealogical ancestors number fewer than 2°.
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Lachance obtained a recurrence describing the number of distinct genealogical ances-
tors in generation ¢ in the nth-cousin model, evaluating the first terms of sequences in
t counting the numbers of ancestors for small values of n. For small n, Lachance also
numerically computed the growth rates with ¢ of the numbers of genealogical ancestors,
informally observing a numerical equivalence between these rates and the Fibonacci,
tribonacci, tetranacci, and pentanacci growth constants for n = 2, 3, 4, and 5,
respectively.

Here, we provide mathematical explanations for Lachance’s observations. We show
that the values produced by Lachance’s recurrence for the number of distinct genealogi-
cal ancestors in the nth-cousin model are equivalent to those obtained in a modification
of the n-anacci recurrence. We derive the generating function for the number of distinct
genealogical ancestors in the nth-cousin model, showing that it is closely related to the n-
anacci generating function, sharing the same exponential growth constant 7, 1. Finally,
we show that as n increases, the constant 7,4 that describes the asymptotic generation-
by-generation growth of the number of distinct genealogical ancestors in generation
t increases monotonically from ¢ = (1 + /5)/2 in the second-cousin model (n = 2)
toward 2 in the limit as n — co. We discuss connections to classical results of popula-
tion modeling that also produce similar appearances of the Fibonacci sequence, and of
n-anacci sequences more generally.

2. MODEL AND PRELIMINARY RESULTS

2.1. Model. We use the discrete-generation nth-cousin mating model of Lachance [13].
The model considers a large biparental population of equal sex ratio. Mating is non-
random, consisting of cousin matings of a fixed type. In particular, each mating event
involves nth-cousin mating for some specified n > 1, with n = 0 corresponding to sib
mating.

It is convenient to write ¢ = n + 1, where g denotes the number of generations sep-
arating an nth-cousin pair from their most recent shared pair of ancestors; for example,
two grandparents (g = 2) for first cousins (n = 1). We let ¢ denote the number of gen-
erations back in a pedigree from an index individual; £ = 0 is that individual, ¢ = 1 is
the parental generation, ¢ = 2 is the grandparental generation, and so on. A; denotes the
number of distinct ancestors represented in generation ¢ > 0.

Figure 1 depicts pedigrees with nth-cousin mating for n = 1 and n = 2. Figure 2
illustrates the model in more detail in the case of first cousins: n = 1, corresponding to
g = 2. We observe that the number of distinct ancestors in generation ¢t = 2 is 22 = 4.
In generation ¢t = 3, because of the first-cousin mating in generation ¢ = 1, the number
of distinct ancestors is 6, strictly less than 2% = 8.

2.2. Preliminary results. In the model in which each individual is the offspring of an
nth-cousin mating pair (n > 0), this section recapitulates the recurrence from
Lachance [13] that counts genealogical ancestors in the ancestral generation ¢ for an
individual from generation 0. First, in an outbred population without nth-cousin mating,
the number of ancestors doubles each generation, so that for ¢ > 1,

Ay = 2A;,. (1)

With Ay = 1, this recurrence has solution 4; = 2¢.
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FIGURE 1. Pedigrees with nth-cousin mating, in which the members of
each mating pair are nth cousins, possessing a pair of shared ancestors
g = n+ 1 generations back in time. (a) First-cousin mating (n =1, g =
2). (b) Second-cousin mating (n = 2, g = 3). Males are represented by
squares, and females by circles.

In an inbred population with nth-cousin mating (n > 0), the number of distinct
ancestors is 2! in the most recent generations but eventually decreases as certain ancestors
begin to appear in the pedigree along multiple genealogical lines. By definition of
nth-cousin mating, each mating pair shares a common ancestral pair ¢ = n + 1
generations prior. Starting at generation ¢ = 0 and moving backward, the first mat-
ing pair appears in generation ¢ = 1, so that the first duplicated pair occurs in generation
t = g-+1. Subtracting a duplicated pair in the gth generation preceding a mating pair—or
one duplicated ancestor for each individual in the mating pair—the recurrence takes the
form [13, Equation 1]:

2t if0<t<y,
At:{ == @)

2441 — At,g, ift> g+ 1.
Lachance iterated (2) to obtain the number of ancestors A; for the smallest values of
t, for nth-cousin mating with small values of n (Table 1). Lachance [13, Equation 3]

also noted that for n > 1, the asymptotic growth rate of the number of ancestors, 7, =
limy o0 (A¢/A¢—1), can be obtained by finding the largest real root of the characteristic
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FIGURE 2. Illustration of notation for a pedigree with first-cousin mating
(n =1, g = 2). For a generation ¢, here ¢ = 5, inbred pairs in generation
t—3 = 2 are indicated in orange, shared ancestors of the members of the
inbred pairs from generation ¢ — 3 are indicated in blue in generation t =
o, and the intervening generations (generations 3 and 4) are indicated in
red. The first value of ¢ back in time at which the number of distinct
ancestors is less than 2% ist =n + 2 = g + 1 = 3, with A3 = 6.

TaBLE 1. Number of distinct genealogical ancestors as a function of the
number of generations ¢ back in time from an index individual, under
different levels of nth-cousin mating. With g = n+1, the growth rate r,
of the number of ancestors with time is obtained numerically by solving
(3). The table is adapted from Table 1 of [13].

Cousin mating level (n)

t |Outbred(n=o0) | n=0|n=1| n=2 n=3 n=4 n=>=5
1 2 2 2 2 2 2 2

2 4 2 4 4 4 4 4

3 8 2 6 8 8 8 8

4 16 2 8 14 16 16 16
5 32 2 10 24 30 32 32
6 64 2 12 40 56 62 64
7 128 2 14 66 104 120 126
8 256 2 16 108 192 232 248
9 512 2 18 176 354 448 488
10 1024 2 20 286 652 864 960
g - 1 2 3 4 5 6
Tq 2 1 1 1.61803 | 1.83929 | 1.92756 | 1.96595

polynomial of (2),

rd =2r971 — 1. 3)

Lachance [13, Section 4.1] observed that for n > 2, the pedigree growth rates r, under
different degrees of cousin mating, as seen in Table 1, matched those of corresponding
n-anacci sequences (g = n + 1). The growth rate r3 is the growth rate of the Fibonacci
sequence, r4 is the growth rate of the tribonacci sequence, 75 is the growth rate of the
tetranacci sequence, and so on. In emphasizing other aspects of the pedigree model,
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Lachance [13] did not further discuss the connections to n-anacci sequences; we supply
explanations for those connections here.

3. A FIBONACCI-LIKE RECURRENCE

The Fibonacci sequence { f;};>0 is defined fo = 0, fi = 1, and f; = fi—1 + fi—2
for ¢ > 2. The generalized Fibonacci sequence { ft(n)}tzo of order n, n > 2, or the
n-anacci sequence (or sometimes n-bonacci), has fé") =0, fl(") =1, ft(") = 2!72 for
2<t<n—1and f™ = " 4+ £+ 4+ £") fort > n [7, p. 101]. The Fibonacci
sequence is thus the n-anacci sequence of order 2. With some lack of standardization in
the indexing of the terms, the 3-, 4-, and 5-anacci sequences—the tribonacci, tetranacci,
and pentanacci sequences, respectively—appear in the On-Line Encyclopedia of Integer
Sequences as sequences A000073, A000078, and A001591.

We now define a new sequence {B;}:>o with a recurrence reminiscent of Fibonacci
and n-anacci recurrences. This sequence is defined purely in mathematical terms, with-
out reference to the mating model. However, it includes a positive integer parameter
g = n + 1 separating two regimes. We will show an equivalence between B, and Ay,
facilitating analysis of the properties of A;.

For an integer n > 0 with g = n + 1, define { B; }+>¢ as follows:

9, ifo<t<g,
n

(z Bt_z-> +2, ift>g+1.
=1

The value of n represents the number of terms summed in B; in the recursive regime,
which begins at step g +1 = n+ 2. The case of n = 0 is trivial, with By = 1 and B; = 2
forall ¢t > 1.

B, = 4)

Proposition 1. Let g > 2. Define the sequences { A;}1>0 and { By }+>0 as follows:

- 2At—1 _At—gu lft > g+ ]-7

2t if0<t<g,
g—1

<ZBti> +2, ft>g+1.
i=1

Then for allt > 0, we have A; = By.

By =

Proof. The claim is trivial for 0 < ¢ < g, as both sequences are explicitly defined
A; = By = 2'in (2) and (4). For t > g + 1, we use induction. For the base case,
t =g+ 1, we have

Agr1 =24, — A = 2(29 — 1),

g—1 g—1 g
Bﬁ1=<§:Bﬁ+{>+2:<§:W“i)+2:§2?:2@9—n.
i=1

i=1 i=1
For the inductive step, suppose A; = By forall¢,0 <t < g + x, for some x > 1. We
show Ag-i—:v—‘rl = Bg+a:+1-
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From the definition of A; (2), we have:

Ag+m+1 = 2Ag+x - Ax+1-

From the inductive hypothesis and the definition of B; (4), we have

Ag—i—x—l—l = QBg—I—x - Bx—l—l

_ g—l
=2 (Z Bg-i—;t—i) + 2] — Byt
=2 (ZAg—i-w z) +2} Ari1
=2 (ZAeri) + 2] — Azi1.

L\ =1

From the definition of B; (4) and the inductive hypothesis,

g—1

Byioi1 = <Z Bg+x+1—i> +2
i=1
g—1

= <Z Ag+w+1i) +2

=1
g
=2

Simplifying and using the inductive hypothesis, we have

g
Ag+:1:+1 - Bg+m+1 = ( Z Ax+z> +4 - A:J:Jrl <Z Ax+z> -2
i=1 =2

g—1
= ( Az+i) + 24541 +2 - App1 — Asyyg

i

-
_ ( Bw+z> }—Bx-i-g

_ (ZBW ) +2] Bury. 5)

(5) is equal to O by the definition of B; (4), completing the proof. U

| N

1

< I

M

Ax—i—z) :| - A:(:+g

Q@ QS
,_.,_. ,_.,_.

We immediately obtain a corollary that in the second-cousin model (n = 2, g = 3),
the coefficients A; are closely related to the Fibonacci sequence.
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Corollary 2. The sequence {A;}1>1 in the case of g = 3 satisfies Ay = 2 fr1o —2, where
{ft}t>0 is the Fibonacci sequence fo =0, fi =1, and f; = fi—1 + fi—o fort > 2.
Proof. The result holds for ¢ = 1, 2, and 3, with (fs, f1, f5) = (2,3,5) and A; =
2f3—2:2,A2:2f4—2:4,andA3:2f5—2:8.

The base case for induction is ¢ = 4, for which fg = 8 and A4 = 2fs — 2 = 14. For
the inductive step, suppose A3, = 254, — 2 for all positive x < c¢. Then Az, (,41) =
Azt (e41) + Aty (a41) + 2 by the equivalence of A; and B; and the definition of B;
(Proposition 1), so that by the inductive hypothesis, A3y (z11) = [2fsq@r1) — 2] +
2f34(a41) — 2] + 2 = 2f5 1 (441) — 2, completing the proof.

4. GENERATING FUNCTION FOR A;

We use the equivalence between A; and B; to analyze the growth rate r, of the number
of ancestors in the nth-cousin mating model, g = n+ 1, with n > 1. To do so, we derive
the generating function for {A; };>o.

Proposition 3. Write Gy(z) = Y ;2 Aiz" for the generating function for the sequence
{A¢}1>0 with parameter g. Then
1429
G =\
o(2) 1—-224 29

Proof. Recalling from (2) that 4; = 2 for 0 < ¢t < g, we have Gy(z) = > 7_,2t2" +
> ie g1 Arz9. The first term is Yo7 2°2" = [1 — (22)971]/(1 — 22).
For the second term, following the recurrence in (2) for t > g + 1, we have

i AtZt =2 i At_lzt— i At_th

t=g+1 t=g+1 t=g+1

oo o0
=2z E Azt — 29 E At
t=g t=1

We substitute Y2 | Arz' = Gy(2) — [1 = (22)971]/(1 = 22) + 2929 and )72 ) Ap2' =
Gy4(z) — 1, obtaining

s 1 — (2z)9t+1
Z Azt =2z [Gg(z) - 1(22) + 29739] —29[G(2) - 1].
t=g+1 —

Adding Y7, 2'2", we have

1 — 2 g+1
D
1-22
1—(22)9%!
1—-2z
Solving for G 4(2) and simplifying yields the result. O

o [Gg(z) _ + 292«"} 297G, (=) — 1.

The generating function G4(2) can be written
1+ 29

Gy(z) = m n(2),

(6)
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where n = g — 1 and
z

F.(2) =

l—z—22— =2 ™
F,(z) is the generating function for an n-anacci sequence [12, p. 270]. For example,
Fy(z) = z/(1 — z — 2%) is the generating function for the classic Fibonacci (2-anacci)
sequence f,, [11, p. 297]. The generating function G3(z) is the product of (1 + z3)/
[2(1 — 2z)] and the Fibonacci generating function. That G,(2) can be written as a product
of an n-anacci generating function and a second term (1 + 29) /[z(1 — z)] explains why
the growth rate r, follows the growth rate of the n-anacci sequence.

5. ASYMPTOTIC ANALYSIS OF PEDIGREE GROWTH

For n > 1, to find the asymptotic growth of the coefficients A; in the nth-cousin
mating model, r, = limy_,(A;/A;—1), we find the singularity nearest the origin [21,
Section 5.2] of generating function G4(z) in (6) (and hence of F},(z) in (7)). This sin-
gularity occurs at z = 1/r4. For first cousins (g = 2), ro = 1, and for second cousins
(g = 3), r3 is the familiar (1 4 v/5) /2.

Table 1 reports numerical solutions for r, for g = 4,5, 6. We can observe informally
that as n increases, r, = 7,1 increases as well. We establish formally that the sin-
gularity of F,(z) of smallest modulus decreases toward % as n increases, so that the
generation-wise growth rates r, increase toward 2.

Proposition 4. For n > 1, denote by c,, the singularity of F,(z) of smallest modulus.
Then (i) cpy1 < Cp, and (ii) limy, o0 ¢ = 5.

Proof. (i) First,c; = 1. Forn > 2, let Q,(z) denote the denominator of F},(z), Q,(z) =
l1—2z—22—---—2". Then Qui1(ch) =1—cp—c2 —---—c'— "t =~ as e,
is a root of @y, (). We have Q,41(3) > 0 and Q,,41(1) < 0, so that by the intermediate
value theorem, a root for Q,+1 must exist in (3, 1). Qn41(2) decreases monotonically
in (3, 1). Because Qp+1(c,) < 0, aroot for Q11 must occur in (3, c,).

(i) To show lim,, s ¢,y = %, choose € with 0 < € < % We show that there exists
n such that ¢, < & + €. First, Qn(3) = 27" > 0. Next, Qn(3 +€) =1— (3 +¢) —
(3+€)?—-+-—(5+€)" =2""— P,(c), where P, (e) is a polynomial in € with positive
coefficients and no constant term. In particular, P, (€) > ¢ for the permissible € values,
0<e< %

Then Q, (3 +€) =27"— P, () < 27" —¢. Choose n > —logy €, so that @y, (5 +¢€) <
27" — € < 0. Because Q,(3) > 0 and Qn(3 + €) < 0, using the intermediate value
theorem, we have shown that given e, for sufficiently large n, the root ¢, lies in (%, % +e).
We then take € to 0. u

6. DISCUSSION

Previously, Lachance [13] had made a number of informal observations about the
growth of pedigree sizes in a model in which each individual is the offspring of an nth-
cousin mating pair, for a fixed n > 1. We have formalized several of these findings. First,
Lachance [13] noticed that for n > 2 and g = n + 1, growth rates r, corresponded to
the growth rates of associated n-anacci sequences. To explain this observation, we have
shown an equivalence between the recurrence A; counting ancestors in a pedigree under
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the nth-cousin mating model and a recurrence B; that resembles the n-anacci recurrence
(Proposition 1) and has its same growth rate. We have also proven that the growth rate
r4 approaches 2 as n — oo (Proposition 4). In obtaining these results, we have reported
a generating function for the number of ancestors A; (6).

Our mathematical analysis is similar to previous analyses of n-anacci sequences. An
equation similar to (2) for tabulating n-anacci sequences in a recurrence containing only
two of the terms appears in [14, p. 2]. The limit of 2 for the constants r, (Proposition
4) is studied by [10]. The setting here contains specific transformations of m-anacci
sequences; the transformations of the Fibonacci and tribonacci sequences in Table 1
appear in the On-Line Encyclopedia of Integer Sequences as sequences A019274 and
A0546068, respectively.

Beyond formalizing Lachance’s observations [13], the study adds to the mathemat-
ical connections between kinship systems and Fibonacci-like integer sequences. The
Fibonacci sequence famously traces to a problem of population biology [2]: the evalua-
tion of the growth of a rabbit population under specified reproduction rules. It arises in
studies of the number of ancestors that contribute to X chromosomes [3, 4]. It also arises
in certain problems in the analysis of heterozygosity in animal and plant breeding models
that trace to the earliest years of the study of genetics [6, 17]. That the second-cousin
mating model produces Fibonacci counts for the number of ancestors in pedigrees adds
to the scenarios in which the Fibonacci sequence appears in counting problems involving
pedigrees and population growth.

Less well-known is that a fribonacci sequence like that of the third-cousin model
(Table 1) has arisen in evaluating population size in a problem of historic interest, namely
Darwin’s problem of the population growth of elephants. In a passage of the Origin of
Species, Darwin describes a hypothetical model for elephant population growth; later
correspondence suggests that Darwin’s assumptions give rise to a tribonacci model for
the growth [15]. To our knowledge, the third-cousin ancestor count is a rare example of a
biological problem for which a sequence related to the tribonacci sequence provides the
solution.

We have focused here on specific forms of nth-cousin mating. Other systems of inter-
est could include mating between half nth-cousins, for whom the most recent ancestor-
sharing involves a single individual rather than a mating pair, and matings between mem-
bers of different generations. For example, Lachance [13] observed Fibonacci growth in
a model with half-first-cousin mating and in a model in which members of a mating
pair are separated in time by one generation, with males one generation older. For this
trans-generation mating model, which has a genealogical structure similar to that of X
chromosomes, an individual has f; ancestors ¢ generations back in time; for a male in
generation ¢ = 0, the number of X-chromosomal ancestors in a model without inbreeding
is also equal to f;. We expect that half nth-cousin and inter-generational mating systems
can be analyzed in a manner similar to that considered here.
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